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1 :1. I motua etinif ot noitcudortn a at   

nI  siht  retpahc  ew  era  iog ng ot  uts dy a ssalc  fo  senihcam  dellac  etinif  .atamotua  iniF te  
atamotua  era  gnitupmoc  secived  taht  r/tpecca e ezingoc  raluger  al ngu sega  dna  era  desu   ot  

ledom  epo snoitar  fo  am ny s smetsy  we dnif  ni  p ecitcar . ehT ir snoitarepo  nac  eb  detalumis  by  
a ev ry elpmis  retupmoc  rp o marg . A dnik  fo  sys smet  etinif  tanmotua a ac n m edo l dna  a  

retupmoc  rp ogr ma  ot  etalumis  rieht  epo r snoita  era  d si suc s de .  
 

oF r lam  ed f itini on  
amotuA t no   

nA  otamotua n si  erper s detne  lamrof l  y b  a y 5- put le q,δ,Σ,Q( 0 F, )  :erehw ,  
 

• Q si  a etinif  es t fo  st seta .  
• Σ si  a etinif  tes  fo  s obmy ls, dellac   eht ahpla b te   fo t eh  ua tomat no  .  
• δ si  eht  noitisnart  f noitcnu , taht  ,si  :δ  Q × Σ → Q.  
• q0 si  t eh  trats  ts ate, taht  ,si  eht  etats  fo  eht  notamotua  erofeb  any tupni   sah  

w ,dessecorp neeb h q ere 0� Q.  
• F si  a  setats fo tes o Q f  (i e. . F� )Q   dellac tpecca  setats  .  

tupnI  row  d  
nA  notamotua  sdaer  a etinif  gnirts  fo  s slobmy  a1 a, 2, ... ., an , erehw  ai � Σ, hw i hc  is  

ac ll e  d a  n upni t drow . ehT  tes  fo  oned si sdrow lla t  de by *Σ  .  
R nu   

A run fo  eht  notamotua  no  na  tupni  drow  w = a1 a, 2 ..., ., an � ,*Σ  si  a ecneuqes  fo  ts ates  
q0 q, 1 q, 2, ... ., qn, erehw  qi � Q hcus  taht  q0 si  eht  trats  etats  dna  qi = q(δ i-1 a, i)  rof  
0 < i ≤ n. In wo ,sdr  ta  tsrif  eht  notamotua  si  ta  eht  trats  etats  q0, dna  t neh  t  eh  

notamotua  sdaer  obmys ls fo  eht  tupni  drow  ni  .ecneuqes  nehW  eht  notamotua  daer s  
s lobmy  ai ti  spmuj  ot  etats  qi = q(δ i-1 a, i). qn si  dias  ot  eb  eht  lanif  state fo  eht  nur .  

gnitpeccA  wor  d  
A drow  w � pecca si *Σ t  de b t y h ua e t amo t no  fi  qn � F.  

dezingoceR  al ngu ega   
nA  notamotua  nac  cer o ing ze a lamrof  al ngua eg . ehT  egaugnal  L �  *Σ  r dezingoce  b  y  

na  notamotua  si  eht  tes  of lla  eht  sdrow  taht  era  ac pec t de  by t eh  ua t notamo .  
elbazingoceR  gnal segau   

ehT  elbazingocer  segaugnal  era  eht  tes  fo  gnal u sega  taht  era  cer o dezing  by os em   
amotua ton. roF  eht  ba o ev  noitinifed  fo  atamotua  eht  cer o elbazing  al n segaug  ar  e  
raluger  segaugnal . roF  tnereffid  d snoitinife  fo  au ,atamot  eht  cer o elbazing  gnal u  sega  

ra e effid r ne t.  
 

2.1  stpecnoc: o yroeht atamotua f   

atamotuA  oeht ry si  a us b tcej  rettam  taht  seiduts  seitreporp  fo  suoirav  t epy s fo  otua mata. roF   
,elpmaxe  eht  gniwollof  snoitseuq  era  deiduts  tuoba  a nevig  type fo  amotua ta.  
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• hcihW  ssalc  fo  lamrof  segaugnal  si  elbazingocer  yb  emos  t epy  fo  amotua ta?  
elbazingoceR(  )segaugnal   

• erA  c niatre  amotua ta lc o es d rednu  ,noinu  ,noitcesretni  ro  pmoc l noitatneme  fo  rof ma  l  
segaugnal ? erusolC(  )seitreporp   

• woH  hcum  si  a t epy  fo  atamotua  evisserpxe  ni  smret  fo  gnizingocer  ssalc  fo  lamrof   
?segaugnal  ,dnA  rieht  evitaler  evisserpxe  ?rewop  egaugnaL(  crareiH h )y   

 
atamotuA  oeht ry osla  ts u seid  fi  ereht  ex tsi  any evitceffe  al mhtirog  ro  ton  to os l ev  elborp sm   

ralimis  ot  eht  lof l gniwo  l tsi .  
 

• seoD  na  notamotua  tpecca  any tupni  drow ? ssenitpme(  kcehc ing)  
• sI  ti  elbissop  ot  rofsnart  m a ig v ne  non - citsinimreted  ua tomat no  otni  reted mini ts ic  

notamotua  tuohtiw  ahc n gnig  eht  cer o elbazing  al n egaug ? eD( t re m ini z ta i )no   
• roF  a ig v ne  lamrof  al ngu ,ega  tahw  si  eht  tsellams  notamotua  taht  cer o zing se  it?  

( iminiM za it no )  .  
 

fo sessalC  otua m  ata  

ehT  gniwollof  si  na  cni o etelpm  tsil  fo  t sepy  fo  atamotua .  
 

atamotuA   
citsinimreteD  etinif  tua o atam AFD( )  

citsinimretednoN  etinif  atamotua )AFN(   
sinimretednoN cit  etinif  atamotua  htiw  ε- snoitisnart  NF( D-ε  

ro  ε-  )AFN  
nwodhsuP  atamotua  (P AD )  

raeniL  dednuob  atamotua  BL( )A   

gniruT  enihcam s  

demiT  tamotua a  
citsinimreteD  ihcüB  atamotua   

citsinimretednoN  ihcüB  atamotua   
reteD/citsinimretednoN m citsini  nibaR  ua tomata  
reteD/citsinimretednoN m citsini  tteertS  amotua ta  
reteD/citsinimretednoN m citsini  irap ty atamotua   
reteD/citsinimretednoN m citsini  relluM  ua t atamo   

 
. citsinimreteD:3.1  etinif  otua ma at   
 
. eD f oitini n: 5 si AFD A - elput  ro  uq i elputn  M = ,Q(  ∑, δ, q0, )A  hw e er   
 

Q non si - pme t ,y  tes etinif  fo  stat se .  

∑ si  non - pme t ,y  etinif  tes  fo  tupni  ebahpla ts.  

δ si  tr noitisna  ,noitcnuf  hcihw  si  a gnippam  orf m Q x ∑ to Q.  
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q0 � Q si  trats eht  etats  .  

A � Q si  tes  fo  itpecca ng if ro lan  etats s  .  
 
 

:etoN  roF  hcae  tupni  sym lob  a, morf  a nevig  etats  ereht  si  ex tca ly one nart s noiti  ereht(  nac  eb   
on  snoitisnart  morf  a etats  )osla  dna  ew  era  su er  ro(  nac  ed t )enimre  to hw i hc  etats  t  eh  

enihcam  sretne . ,oS  eht  enihcam  is dellac  itsinimreteD c ma hc i en . ecniS  ti  sah  fi etin  bmun e  r  
fo  setats  eht  enihcam  si  dellac  citsinimreteD  etinif  enihcam  ro  Det re mi citsin  Fi  etin  

notamotuA  ro  etiniF  etatS  enihcaM  )MSF(  .  

ehT  egaugnal  detpecca  by D i AF s  

(L M) = { w | w � *∑  na d δ* q( 0, )w  � A } 

ehT  non - pecca t ecna  fo  eht  gnirts  w by na  AF  ro  D of ni denifed eb nac AF rma  l noitaton  a :s   

(L M) = { w | w � *∑  na d δ* q( 0, )w  � A } 

o sgnirts tpecca ot AFD a niatbO f  ba gnirts eht htiw gnitrats s’b dna s’a  

b,a  
q 

b a 
q 

b,a  
1.1.giF  noitisnarT  margaid  ot  tpecca  irts ng a (b +a b *)   

 
,oS  eht  AFD  hcihw  stpecca  sgnirts  fo  s’a  dna  s’b  htiw gnitrats  eht  ts ir ng ab  yb nevig si  

M = ,Q(  ∑ , δ, q0, )A  wh re e  
Q = q{ 0, q1, q2, q3} 
∑ = ,a{  b}  
q0 si  eht  trats  ats et   
A = q{ 2}.  
δ si  wohs n eht  t isnar it no  elbat  4.2 .  

 
 

arD w ts eht htiw gnidne s’1 dna s’0 fo gnirts tpecca ot AFD a ir 110 gn .  

1 
 0  

q0  
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D a niatbO F o sgnirts tpecca ot A f  aa gnirts bus a gnivah s’b dna s’a  
 
 

 b,a  

q2  

b  

 
D a niatbO F o sgnirts tpecca ot A f  gniniatnoc esoht tpecxe s’b dna s’a t eh  sbus tri baa gn .  

 
 b,a  

b  q3  
 

b  

 
niatbO  sAFD  ot  tpecca  sgnirts  fo  s’a  na b d s’  h iva ng tcaxe ly eno   ,a  

 
a  b,  

q2  

 
,a  b  

 
 
 

b  
q3  

 
 
 

o sgnirts tpecca ot AFD a niatbO f o rebmun neve gnivah s’b dna s’a f  s’b dna s’a  
ehT  enihcam  ot  a tpecc  ev ne  rebmun  fo  s’a  dna  b s’  si  nwohs  in 22.2.gif .  

a 

tpeD  fo  TIBJS,ESC   

b

a  a  
b  

q0  q1  

a  
q2  

b  
q0  

a  a  q1  

a  
 
 

b  
q0  

b  
q0  

b  
q1  

 
 
a  

a  
 
 
 
q  1  

b  
q0  

a  a  a  
,a  b  

q4  

b  
q2  

b  
q1  

a  

q 
 
b b 
 

q 
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22.2.giF  AFD  ot  cca tpe  neve  no. fo  s’a  a dn  b s’   

 
 

a  
q0 q1  

a  
b b b b  

a  
q2 q3  

a  a  
q0 q1  

a  
b b b b  

a  
q2 q3  

a  
 

a  
q0 q1  

a  
b b b b  

a  
q2 q3  

a  
ralugeR  al ngu ega   

eD fin ti ion: teL  M = Q( , ∑, δ, q0, )A  eb  a D .AF  ehT  egaugnal  L si  raluger  fi  ereht  ex stsi   a  
enihcam  M hcus  taht  L = )M(L .  

 
 
 
 
 
* snoitacilppA  fo  etiniF  motuA a at  *  

gnirtS  gnissecorp/gnihctam   

relipmoC  noitcurtsnoC   
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ehT  suoirav  ipmoc srel  hcus  sa  ,++C/C  ,lacsaP  nartroF  ro  any rehto  co relipm  si   dengised  
gnisu  eht  etinif  tamotua a. ehT  D sAF  era  ex evisnet ly us de  ni  eht  idliub ng t eh  suoirav  ph esa  s  

fo  relipmoc  hcus  sa   

• eL x laci  anal sisy  oT(  iden yfit  eht  ,snekot  ,sreifitnedi  ot  pirts  fo  ht e tnemmoc s et .c  )  

• S xatny  ana l sisy  oT(  kcehc  eht  s ny tax fo  hcae  tnemetats  ro  lortnoc  etats m tne  desu   ni  
eht   )margorp  

• edoC  noitazimitpo  oT(  evomer  eht  nu  detnaw  doc e)  

• edoC  noitareneg  oT(  etareneg  eht  enihcam  )edoc   

 
rehtO  snoitacilppa - The tpecnoc  fo  etinif  atamotua  si  desu  ni  wi ed  lppa i tac i no s. tI  si  ton   

elbissop  ot  tsil  lla  eht  snoitacilppa  sa  ereht  era  fni in ti e un m reb  fo  ilppa c ta i sno . sihT   noitces  
stsil  emos  acilppa t :snoi   

1. egraL  n laruta  ralubacov i se  nac  be debircsed  gnisu  etinif  notamotua  hw ci h edulcni s  
eht  snoitacilppa  cus h sa  gnilleps  ch ce k sre  na d ad ,sresiv  itlum - gnal ua eg  di tc i rano i se ,  

ot  tnedni  eht  ,stnemucod  ni  srotaluclac  ot  aulave te elpmoc x ex erp ssi sno  desab  no  ht e  
ytiroirp  fo  na  rotarepo  .cte  ot  eman  a .wef  Any rotide  th ta  ew  esu  sesu  nif ti  e  

notamotua  rof  noitatnemelpmi .  

2. etiniF  notamotua  si  very lufesu  ni  cer o gnizing  id f tlucif  smelborp  .e.i , s emo t emi s it is  
ev ry laitnesse  ot  evlos  na  nu - iced d elba  .melborp  nevE  hguoht  ereht  is on  areneg l  

noitulos  ex stsi  rof  eht  deificeps  borp l ,me  gnisu  yroeht  fo  ,noitatupmoc  ew  ac n nif d  
eht  orppa x etami  tulos i sno .  

3. etiniF  notamotua  is ev ry us lufe  in drah w era  ngised  cus h as tiucric  rev i acif ti ,no  in  
ngised  fo  eht  erawdrah  draob  rehtom(  draob  ro  any rehto  erawdrah  ,)tinu   citamotua  
ciffart  si lang ,s  r oida  oc n dellort  to ,sy  ele v ,srota  citamotua  ,srosnes  etomer  gnisnes  or  

cte rellortnoc  .  

In emag  oeht ry na d semag  ehw r nie  we esu  emos  lortnoc  sretcarahc  ot  hgif t tsniaga  a m sno t ,re   
,scimonoce  retupmoc  ,scihparg  scitsiugnil  ,.cte  if n eti  notamotua  lp a sy  a yrev  tnatropmi  elor   

 
 
 
 
 

.1 4 :  )AFN(atamotua etinif citsinimreted noN  
eD fin ti ion: nA  5 a si AFN - ro elput  niuq t pu le M = ,Q(  ∑, δ, q0, )A  wh re e  

Q si  pme non t es etinif ,y t fo  ts at se .  

∑ si  non  pme t ,y  etinif  tes  fo  i tupn  ebahpla ts.  

δ si  noitisnart  noitcnuf  hcihw   si a m ppa i gn  orf m  

Q x { U ∑  ε} ot  s stesbu  fo  2Q. sihT  noitcnuf  swohs   

eht  ahc n eg  of etats  rf om eno  etats  ot  es a  t fo  st eta s  
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desab  no  eht   tupni sym lob .  

q0 � Q si  t eh  rats t etats  .  

A � fo tes si Q  anif ts l at .se   

ecnatpeccA  fo  egaugnal   

eD fin ti ion: teL  M = ,Q(  ∑, δ, q0, )A  eb  a AFD  w ereh  Q si  tes  fo  nif i et  ts eta s, ∑ si  tes  fo  i tupn   
stebahpla  morf(  hcihw  a gnirts  nac  be rof m ,)de  δ si  noitisnart  noitcnuf  f mor  Q x {∑Uε}  ot  

2Q, q0 si  eht  trats  etats  and A si  eht  lanif  or a pecc t gni  etats . ehT  irts ng osla(  dellac  al ngu ega )  
w detpecca  by na  AFN  nac  eb  denifed  ni  lamrof  n noitato  :sa   
 

(L M) = { w | w � dna*∑  δ* q( 0 w Q = )w , i ht  lta east  eno  
tnenopmoC  fo  Q ni   }A  

 
{ = L egaugnal gniwollof eht tpecca ot AFN na niatbO w  | w � ababn aba ro n wher n e  0 ≥ }  

 ehT m enihca  ecca ot p tie t h a re b ba n aba ro n  erehw n ≥ b nwohs si 0 e ol :w   
 

q1  
 ε  

q0  

 ε  
q5  

noisrevnoC  morf  AFN  ot  FD A  

teL  MN = Q( N, ∑N, δN, q0, AN) eb  na  AFN  dna  stpecca  eht  al n ug a eg  M(L N). erehT  dluohs  be  
na  tnelaviuqe  D AF  MD = Q( D, ∑D, δD, q0, AD) hcus  taht  M(L D) = M(L N .)  ehT  erudecorp  to  

trevnoc  na  AFN  ot  sti  equ tnelavi  AFD  si  nwohs  bel :wo   

 
 
 

:1petS   

ehT  trats  etats  fo  AFN  MN si  eht  rats t ts ate fo  AFD  MD. ,oS  dda  q0 hcihw(  si  eht   trats  
etats  fo  FN A) ot  QD dna  dnif  eht  t snoitisnar  f mor  ht is ats t .e  ehT  yaw  to iatbo n  

tnereffid  snoitisnart  si  s nwoh  in ts 2pe .  

:2petS   

roF  hcae  etats  q[ i, qj q.…, k] ni  QD, eht  snoitisnart  rof  hcae  tupni  s lobmy  in ∑ nac  be  
deniatbo  sa  nwohs  eb low  :  

1. δD([qi, qj q.…, k ,]  )a  = δN(qi, )a  U δN q( j, a) U ……δN q( k, )a   

= [ql, qm q.…, n] say.  

2. ddA  eht  etats  q[ l, qm q.…, n] ot  QD, fi  ti  si  ton  ydaerla  ni  QD  .  

3. ddA  eht  noitisnart  morf  [qi, qj q.…, k] to [ql, qm q.…, n] no  t eh  pni ut sym lob  a ffi  t eh   
etats  q[ l, qm q.…, n] si  dedda  ot  QD ni  t eh  verp i suo  st pe .  
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a  

 
 
 
a  

a  b  

 
 
 
 b  

q3  

 
 

a  
q7  

q  2  

 
 
 
q6  
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:3petS   

ehT  ats te [qa, qb q.…, c] � QD si  eht  lanif  ,etats  fi  ta  tsael  eno  of t eh  tats e in qa, qb, … ..   
qc � AN i. ,.e  ta  tsael  one of eht  tnenopmoc  ni  [qa, qb q.…, c] uohs ld eb  eht  lanif  ts ate fo   

FN A.  

:4petS   

fI  spe li no  (�) si  etpecca b d y N ,AF  neht  trats  etats  q0 fo  si AFD  edam  t eh  fi lan  etats .  
 
 

D tnelaviuqe na otni AFN gniwollof eht trevnoC FA  .  

0  
q0  

 
 

:1petS  q0 si  eht  trats  fo  D AF  ees(  1pets  eht ni  noc v noisre  ecorp d )eru  .  
 
 

,oS  QD = {[q0]} 7.2( )  

 
:2petS  dniF  eht  wen  setats  morf  hcae  st eta  ni  QD dna  niatbo  eht  roc r gnidnopse  isnart it sno .  

q[ etats eht redisnoC 0]:  

nehW  a =  0  
δN([q0], )0   
[q0, q1]  

 )8.2(  

 
δN([q0], )1   
[q1]  

 )9.2(  
 

ecniS  eht  setats  deniatbo  )9.2( dna )8.2( ni  Q ni ton era D eht dda ,)7.2( s wt e o ats t se  ot  QD  os  
aht t  

 
QD = {[q0 ,]  q[ 0, q1 ,]  [q1] }  )01.2(  

 
ehT  idnopserroc ng snart iti no s no  a = 0 dna  a  era 1 = s nwoh  eb l wo .  

∑  
 
 
 

redisnoC  eht  etats  [q0, q1 :]   

nehW  a =  0  
δN([q0, q1], )0   

egaP  13 

1,0   
1  

q2  q1  
,0  1  

= 
= 
 
 
 
= 
= 

δD([q0], )0   

 
 

nehW  a = 1 
δD([q0], )1   

0 1  
[q0, q1] [q1]  

δ  
[q0]  
[q0, q1]  
[q1]  

Q  

= δD([q0, q1],  
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δN q( 0, )0  U δN q( 1, )0   
q{ 0, q1} U q{ 2}  

[q0, q1, q2]  
 )11.2(  

 
δN([q0, q1], )1   
δN q( 0, )1  U δN q( 1, )1   
q{ 1} U q{ 2}  

[q1, q2]  
 )21.2(  

ecniS  eht  ats t se  eniatbo d ni  11.2( ) na d 21.2( ) a er  t eh  on t de denif  in QD(see )01.2 , da d seht e  
owt  setats  ot  QD so aht t  

QD = {[q0 ,]  q[ 0, q1 ,]  [q1], q[ 0 q , 1 q , 2 q[ ,] 1, q2] } 31.2( )  

dna  dda  eht  snoitisnart  on a = 0 dna  a = 1 sa   :woleb nwohs  

∑  

 
 
 

q[ etats eht redisnoC 1]:  

nehW  a =  0  
 

δN([q1], )0   
[q2]  

 )41.2(  
 
 
 

δN([q1], )1   = [q2] )51.2(  
ecniS  eht  setats  deniatbo  ni  )41.2(  dna  )51.2(  era  emas  dna  eht  etats  q2 si  not in QD(s ee  )31.2 ,  

dda  eht  etats  q2 ot  QD os  t ah t  
 

QD = q[{ 0], q[ 0, q1 ,]  q[ 1 ,]  [q0, q1, q2], q[ 1, q2]  , [q2]}  )61.2(  
dna  dda  eht  snoitisnart  on a = 0 dna  a = 1 sa   :woleb nwohs  

∑  

0 1 
[q0, q1] [q1]  
[q0, q1, q2] [q1, q2]  
q[ 2] [q2]  

 

= 
= 
= 
 
 
= 
= 
= 
= 

0 1 
[q0, q1] [q1]  
[q0, q1, q2] [q1, q2]  

δ  
[q0]  
[q0, q1]  
[q1]  
[q0,  
q2]  

q1  ,  

Q  

= 
= 
 
 
 
 
= 
= 

δD([q1], )0   

 
 

nehW  a = 1 
 

δD([q1], )1   

 [q0]  
[q0, q1]  
[q1]  
[q0, q1  ,  
q2]  
[q1, q2]  

redisnoC  eht  etats  q[ 0 q, 1 q, 2 :]   
 Q  

 
TALF   

 
 

0)  
 
 
 

nehW  a = 1 
δD([q0, q1],  
1)  
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δN q[( 0 q, 1 q, 2 ,]   )0  
δN q( 0, )0  U δN q( 1, )0  U δN q( 2, )0   
q{ 0 q, 1} U q{ 2} U {φ}  

[q0 q, 1 q, 2]  
 )71.2(  

 
 
 
 

δN q[( 0 q, 1 q, 2 ,]   )1  
δN q( 0, )1  U δN q( 1, )1  U δN q( 2, )1   
q{ 1} U q{ 2} U q{ 2  }  

[q1, q2]  
 )81.2(  

ecniS  eht  setats  deniatbo  ni  )71.2(  dna  )81.2(  era  n to  wen  setats  era(  aerla dy ni  QD, ees  1.2 6),  
od  ton  dda  eseht  owt  stat se  ot  QD. ,tuB  eht  isnart t snoi  no  a = 0 dna  a = 1 dluohs  eb  dedda   ot  
eht  lanoitisnart  elbat  sa  s nwoh  :woleb   

∑  

0 1 
[q0, q1] [q1]  
[q0, q1, q2] [q1, q2]  
q[ 2] [q2]  

[q0 q, 1 q, 2] [q1, q2]  
 
 
 
 

redisnoC  eht  etats  q[ 1,q2 :]   
 

nehW  a =  0  
δN q[( 1 q, 2  )0 ,]  
δN q( 1, )0  U δN q( 2, )0   
q{ 2} U {φ} 

[q2]  
 )91.2(  

 
δN q[( 1 q, 2  )1 ,]  
δN q( 1, )1  U δN q( 2, )1   
q{ 2} U q{ 2  }  

[q2]  
 )02.2(  
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nehW  a =  0  
 

δD([q0 q, 1 q, 2],  
0)  

 
 
 
 
 
 

nehW  a = 1 
δD([q0 q, 1 q, 2],  
1)  

= 
= 
= 
= 
 
 
 
 
 
= 
= 
= 
= 

δ  
[q0]  
[q0, q1]  
[q1]  
[q0,  
q2]  
[q1, q2]  

q1  ,  
Q  

= 
= 
= 
= 
 
 
= 
= 
= 
= 

δD([q1 q, 2], )0   

 
 
 
 

nehW  a = 1 
δD([q1 q, 2], )1   

 
 
 
 
 
 

tpeD  fo  TIBJS,ESC   



LF AT 5SC01 6  
 
 

ecniS  eht  setats  deniatbo  ni  )91.2(  dna  )02.2(  era  ton  wen  setats  era(  aerla dy ni  QD ees   ,)61.2  
od  ton  dda  eseht  owt  stat se  ot  QD. ,tuB  eht  isnart t snoi  no  a = 0 dna  a = 1 dluohs  eb  dedda   ot  
eht  lanoitisnart  elbat  sa  s nwoh  :woleb   

∑  

0 1 
[q0, q1] [q1]  
[q0, q1, q2] [q1, q2]  
q[ 2] [q2]  

[q0 q, 1 q, 2] [q1, q2]  
 

q[ 2] [q2]  
δN q[( 2 ,]   )0  
{φ}  

 )12.2(  
 

δN q[( 2 ,]   )1  
[q2]  

 )22.2(  
 

ecniS  eht  setats  deniatbo  ni  )12.2(  dna  )22.2(  era  n to  wen  setats  era(  aerla dy ni  QD, ees  1.2 6),  
od  ton  dda  eseht  owt  stat se  ot  QD. ,tuB  eht  isnart t snoi  no  a = 0 dna  a = 1 dluohs  eb  dedda   ot  

t eh  lanoitisnart  .elbat  ehT  lanif  lanoitisnart  t ba le si  nwohs  ni  t ba le .41.2  dna  lanif  AFD  is  
nwohs  ni  ugif re 53.2  .  

 
 
 
 
 

0 1 
[q0, q1] [q1]  
[q0, q1, q2] [q1, q2]  

 
q[ 2] [q2]  

 
[q0 q, 1 q, 2] [q1, q2]  

 
[q2]  
[q2]  

 
 
 
 

 

 
 

 
 
 

redisnoC  eht  etats  q[ 2]:  
 Q  

nehW  a =  0  q1  ,  

δ  
[q0]  
[q0, q1]  
[q1]  
[q0,  
q2]  
[q1, q2]  

δD q[( 2 ,]   )0  
 
 

nehW  a = 1 
δD q[( 2 ,]   )1  

= 
= 
 
 
= 
= 

δ  
[q0]  

 
 
 
 
 
 
 

[q2]  
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[q2]  

φ  
 
 
 
 

[q  

 
0  

 
 
 
q[  q ,   0  1  

 0  
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aviuqe sti ot AFN gniwollof eht trevnoC el nt DFA.  
ε  

a  
 

a b  
0 1  

 
 
 
 
 
 

teL  QD = }0{   

redisnoC  eht  etats  ]A[  :  

nehW  i tupn  si  a:  
 

δ ,A(  a)  
 
 

nehW  i tupn  si  b:  
δ( ,A  )b   

 
redisnoC  eht  etats  [ :]B   

 
nehW  i tupn  si  a:  

δ ,B(  )a   
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5  
 
 
 
7  

b  
ε  

 
 
 
 
 
 
 
 
δN ,0(  a)  
1{ }  

)B(   
 
δN ,0(  b)  
{φ} 

4  
 
 
 
6  

� 
 

8  

ε  

 ε  
 
3  

 ε  

�  
9  

 
 
 
 
 
 
 

)A(   

ε  
2  

= 
= 
 
 
= 
= 

 
 
 
= 
= 

δN ,1(  a)  
{φ} 
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δN ,1(  b)  
}2{   

9,6,4,3,2{ } )C(   
 

sihT  si  ,esuaceb  ni  etats  ,2  eud  ot  ε-t snoitisnar  ro(  tuohtiw  ivig ng any ni p )tu  t reh e  
nac  eb  noitisnart  ot  setats  9,6,4,3  al os . ,oS  lla  eseht  setats  era  r elbahcae  from ts ate 2  .  

,eroferehT   

}9,6,4,3,2{  = C  

 
 
 

δN ,}9,6,4,3,2{(  a)  
}5{   
,5{  ,8  ,9  ,3  ,4  }6   
,3{  ,4  ,5  ,6  ,8  }9  nidnecsa( g  
dro )re   )D(  

 
sihT  si  ,esuaceb  ni  etats  5 eud  to ε- ,snoitisnart  eht  setats  caer h elba  era  {8, ,9  ,3   ,4  

6}. ,eroferehT   
 

δ ,C(  )a  = ,3{  ,4  ,5  ,6  ,8  9} =  D  
nehW  i tupn  si  b:  

δN ,2{(  ,3  ,4  ,6  ,}9  b  )  
}7{   
,7{  ,8  ,9  ,3  ,4  }6   
,3{  ,4  ,6  ,7  ,8  ro gnidnecsa(}9 d  )re  
)E(   

sihT  si  ,esuaceb  morf  etats  7 eht  setats  taht  era  r elbahcae  tuohtiw  any i pn ut (i ,.e.  ε- 
)noitisnart  era  ,8{  ,9  ,3  4, }6 . ,eroferehT   

δ ,C(  )b  = ,3{  ,4  ,6  ,7  ,8  9} = E  

snoC redi  eht  etats  ]D[  :  
nehW  i tupn  si  a:  

δ ,D(  a) δN ,}9,8,6,5,4,3{(  a)  
}5{   
,5{  ,8  ,9  ,3  ,4  }6   
,3{  ,4  ,5  ,6  ,8  }9  nidnecsa( g  
dro )re   )D(  

nehW  upni i t s b  :  

δN ,}9,8,6,5,4,3{(  b)  
}7{   
,7{  ,8  ,9  ,3  ,4  }6   
,3{  ,4  ,6  ,7  ,8  }9  nidnecsa( g  
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TALF   

 
 

nehW  i tupn  si  b:  
δ( ,B  b)  = 

= 
= 

δ ,B(  )b  =  

redisnoC  eht  etats  ]C[ :  

nehW  i tupn  si  a:  
δ ,C(  )a   = 

= 
= 
= 

= 
= 
= 
= 

δ( C,  )b  

=  
=  
=  
=  

= 
= 
= 
= 

δ ,D(  )b   
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dro )re   )E(  
 
 
 

δN ,}9,8,7,6,4,3{(  a)  
}5{   
,5{  ,8  ,9  ,3  ,4  }6   
,3{  ,4  ,5  ,6  ,8  ro gnidnecsa(}9 d  )re  
 )D(  

 
 

δ ,E(  )b  δN ,}9,8,7,6,4,3{(  b)  
}7{   
,7{  ,8  ,9  ,3  ,4  }6   
,3{  ,4  ,6  ,7  ,8  ro gnidnecsa(}9 d  )re  
 )E(  

ecniS  ereht  era  on  wen  ,setats  ew  nac  pots  ta  t sih  tniop  dna  eht  noitisnart  elbat  rof  eht  AFD   si  
nwohs   ni t ba le 51.2 .  

∑  

 
 

aT lb e 51.2   
oitisnarT nQ elbat   

 
ehT  setats  D,C  dna  E era  lanif   ,setats  

ecnis  9 lanif(  etats  fo  )AFN  is tneserp   ni  
nwohs  ni  erugif  3.2 6  

 
 
 
 
 

 b  

a  
b  

b  
E  

b  

giF . 63.2  ehT  DFA  
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TALF   

 
 
 
 

redisnoC  [ etats eht :]E   
nehW  i tupn  si  a:  

δ ,E(  a)  
 
 
 
 

nehW  i tupn  si  b:  

= 
= 
= 
= 
 
 
 
=  
=  
=  
=  

δ  
A  
B  

a b  
B - 
- C  
D E  
D E  
D E  

la  

dna D ,C  E. ehT  lanif  noitisnart  margaid  fo  D AF  i  s  

 
 
 

a  

D  B  a  a  A  
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NU TI -2: 

FI IN ET  UA TOMAT ,A  UGER LAR E RPX ESS OI SN   

 
2 1.  nA  a noitacilpp  of etinif  au ot m ta a  
 

2.2  etiniF  tua o atam  w hti  nolispE  rt a itisn o sn   
 

3.2  ugeR l ra  ex isserp o  sn  
 

4.2  etiniF  tua o atam  a dn  luger ar ex oisserp ns  
 

5.2  lppA i ac t noi s fo  Re ralug  ex oisserp sn   
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1.2  cilppa nA a motua etinif fo noit ta a  

ppA li tac ions of etinif  atamotua  lcni du es rtS ni g nihctam g smhtirogla , krowten   
slocotorp  dna  acixel l ana l rezy s  

 
gnirtS  rP o gnissec   

redisnoC  gnidnif  lla  cco u secnerr  fo  a hs o tr  rts i gn  ( tap t nre  gnirts nihtiw )   a  
( gnirts gnoL te tx  gnirts sihT.)  nac  eb  enod  by corp gnisse  eht  txet  guorht  h  

a :AFD  eht  D AF  for la l rts i sgn  taht  ne d htiw  eht  nrettap  irts ng. hcaE  emit  eht  ac tpec  ats te si   
caer h ,de  eht  cu tnerr  isop t noi  ni  eht  et xt i  s uo t  tup  

 
:elpmaxE  gnidniF  001 1  

oT  dnif  lla  ucco r secner  of nrettap  ,1001  noc ts ruct  
eht  FD A rof  lla  irts n sg  ni gnidne  1001  .  

 
 
 
 
 
 
 
 
 
 
 
 

etiniF - etatS  enihcaM s  
A etinif - etats  enihcam  si  na  t AF o teg h w re ith  

snoitca  no  eht  cra s.  

A laivirt  elpmaxe  rof  a co noitacinumm  knil : 
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elpmaxE  SF M: toB  heB a roiv   

A ob t si  a retupmoc - eg n detare  rahc a retc  ni  a iv d oe  emag  .  

 

 

 

 
etatS   strahc  

etatS  strahc  ledom  sksat  sa  a tes  fo  ats t se  dna  ca ti sno . yehT  ex dnet  AF  smargaid . eH re si  a  
deifilpmis  etats  trahc  rof  a ctawpots  h  

 
 
 
 
 
 
 
 

lacixeL  sisylanA   
In lipmoc gni  a margorp , ht e if r ts  ets p is ixel -c la  sylana is. sihT  setalosi   

,.ctesreifitnedi,sdrowyek  elihw  gnitanimile  tnavelerri  s A.slobmy  nekot  si  a ogetac r ,y  of r  
elpmaxe  noitaler“,”reifitnedi“  ”rotarepo  ro  cificeps  drowyek  .  

roF  ex elpma ,  
nekot   ER  

yek w dro  eht n eht n  
elbairav  an me a[ - Az - a[]Z - Az - 0Z - *]9  erehw  rettal  ER  syas  ti  si  any irts ng of remunahpla ic  

sretcarahc  gnitrats  w hti  a l tte er.  

A lacixel  rezylana  sekat  ecruos  edoc  sa  a gnirts ,and stuptuo  ecneuqes  fo  nekot s.  
roF  ex elpma ,  
rof  i = 1 to am x od   
]i[x  = ;0   

thgim  evah  nekot  uqes ne ec   

rof  di  = di ot mun  od  di  [ id  ] = mun   pes  
sA  a nekot  si  ,deifitnedi  ereht  may b na e  act noi .  
roF  ex ,elpma  nehw  a nu rebm  si  ,deifitnedi  eulavsti  si  etaluclac  d  
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2.2  etiniF  a tu oma at  w hti  ispE lon art n tis ion  s  

 AFN na dnetxe nac eW b isnart a ekam ot su swolla taht "erutaef" a gnicudortni y it  no no  
tpme eht , y gnirts  .  a ekam ylsuoenatnops si od su stel noitisnart eht llA tra sn i  ,noit  

obmys tupni na gniviecer tuohtiw l  . tona si sihT  eb ot AFN ruo swolla taht msinahcem reh  
a setats elpitlum ni t no ec .  wen a ffo krof tsum ew ,egde na ekat ew revenehW " erht ad"  

AFN eht rof  etats noitanitsed eht ni gnitrats .  
smelborp emos tneserper ot tneinevnoc erom s'AFN edam msinimretednon sa tsuJ  ht a  n  

seilppa emas eht ,lufrewop erom ton erew tub s'AFD   ot ε AFN 's. W  erom elih  
neserper nac ew gnihtyna ,evisserpxe t  htiw an ε D a htiw tneserper nac ew AFN F taht A   

 on sah ε tisnart i .sno   
 

olispE  n olC us  er  
 

ispE l no  C erusol  yb hcaer nac ew setats lla fo tes eht ylpmis si etats a fo   eht gniwollof  
noitcnuf noitisnart  bal era taht etats nevig eht morf ele  d  . llareneG y  fo noitcelloc a ,gnikaeps  

desolc si stcejbo  iylppa fi noitarepo emos rednu n ot noitarepo taht g  lloc eht fo srebmem ec it  no  
celloc eht ni llits tcejbo na snruter t .noi   

axe evoba eht nI m  :elp  
ε� } q { = )q(   
ε�  }s ,r { = )r(  

 noitcnuf noitisnart dednetxe eht enifed su tel f  na ro ε AFN . F  a ro  
 :pets noitcudni eht rof dias ew AFN ,raluger  

L  te  
δ p{ = )w,q(^ 1 p , 2, ...  pk}  
δ p( i S = )a, i rof  i ,2,1= ... k  

= )aw ,q(^ nehT  S ,1 S2 ...  Sk  

 na roF - aw ,q(^ rof egnahc ew ,AFN ):  
 [noinU δ� ni etats hcaE(  S1 S , 2 .. , . Sk  ])  

S tes lanigiro eht sedulcni sihT 1,S2  ... S  k . aiv hcaer nac ew setats yna sa llew sa   
aht sisab eht htiw delpuoc nehW  t = ) ,q(^  δ� levitcudni su stel )q( y na enifed   

 noitcnuf noitisnart dednetxe f  a ro εNFA  .  
 
E  gnitanimil ε noitisnarT s  
ε AFN eht fo rewop eht esaercni ton od tub ,sesac emos ni ecneinevnoc a era snoitisnarT  .  

vnoc nac ew meht etanimile oT ert a ε  etiuq si hcihw ,AFD tnelaviuqe na otni AFN  
 a ot AFN lamron a gnitrevnoc rof koot ew spets eht ot ralimis ew tpecxe ,AFD  m su t  won  

la wollof  l ε tats fo tes ruo ot esoht dda dna snoitisnarT e .s   
1  . etupmoC  ε� nitluser ,etats tnerruc eht rof g o tes a ni f S setats  .  
2  . δ  lla rof detupmoc si )a,S( a in ∑ by  

a  . L p{ = S te 1 p , 2  ,  ... pk  }  
b. tupmoC e =I 1k p( i )a,  dna  ac ll  siht  s te  r{ 1, r2, r3 ...  rm .}  sihT  tes  si  deveihca  by  gniwollof  

,a tupni   
b ton y niwollof g na y ε tisnart i  sno  

c  . t ddA h  e ε =)a,S( gnitupmoc yb ni snoitisnart  1=I  m ε�(r1)  
3  . yna sedulcni ti fi etats gnitpecca na etats a ekaM   eht ni setats lanif - AFN  .  
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etoN  : ehT  ε )nolispe(  noitisnart  srefer  ot  a tr noitisna  morf  no e st eta  ot  ona t reh  wi uoht  t  
fo gnidaer eht  na   tupni  

s lobmy  ei(  tuohtiw  eht  epat  iniatnoc ng eht  tupni  gnirts   
φ φ nivom g). nolispE  snoitisnart  nac  eb  detresni  eb wt ee n  

}2q{  }2q{  setats yna . ehT re si  osla  a noisrevnoc  al mhtirog  rf om a  
AFN  htiw  nolispe  t isnar ti sno  ot  a AFN  wi uoht t  

nolispe  tisnart i sno .  
 
 

disnoC re  eht  AFN - ispe l no  evom  enihcam  M = { ,Q  ∑, δ, ,0q  }F  
Q = { ,0q  ,1q  2q   }  
∑ ,b ,a { =  c } na d ε m evo s  
0q  = 0q   
F = { 2q  } 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

:etoN  dda  na  cra  f mor  zq  ot  zq  delebal   "c" to fi ug re evoba .  
 

ehT  al n egaug  detpecca  by eht  evoba  N AF  htiw  nolispe  m  evo  
eht  tes  fo  sgnirts  ov re  a{ , }c,b  gnidulcni  eht  llun  gnirts  na d  
lla  sgnirts  htiw  any rebmun  fo  s'a  dewollof  by any rebmun   fo b's  

dewollof  by any rebmun  fo  s'c .  
woN  trevnoc  eht  AFN  wi ht  nolispe  sevom  ot  a NFA M = ( Q ,'  ∑, δ ,'  q0 ,'  F'  )  
tsriF  enimreted  eht  st eta s fo  eht  wen  ,enihcam  Q' = t eh  nolispe  rusolc e  

fo  eht  setats  eht ni  NFA w ti h spe li no  evom s. ehT re lliw   eb t eh  emas  bmun e  r  
fo  setats  tub  eht  seman  nac  eb  rtsnoc u detc  by irw t gni  eht   etats name as  
eht   ni setats fo tes t eh  pe s li no  cl eruso . ehT  spe noli  erusolc  is the  

laitini  etats  dna  lla  setats  taht  nac  eb  r dehcae  by one ro  m ero  spe li no  evom s.  
suhT  0q  ni  eht  AFN - nolispe  semoceb  }2q,1q,0q{  b esuace  the enihcam  nac  m evo   

morf  0q  ot  1q  by na  nolispe  ,evom  neht  kcehc  1q  a dn  dnif  taht   ti nac  vom e  
morf  1q  ot  2q  by nolispe na  m evo .  
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1q  ni  eht  AFN - nolispe  semoceb  }2q,1q{  esuaceb  t eh  m enihca  nac  evom  fro  m  
1q  ot   2q b na y  ispe l no  evom .  

 
2q  ni  eht  AFN - nolispe  semoceb  }2q{  tsuj  to peek  eht  taton i no  t eh  emas . q2  
nac  og  erehwon  ex tpec  q ,2  taht  si  tahw  ihp  ,snaem  no  na  nolispe  m evo .  
eW  od  ton  wohs  eht  nolispe  noitisnart  fo  a state to esti lf ,ereh  tub ,  

,eraweb  ew  lliw  ekat  otni  tnuocca  eht  etats  ot  esti fl  nolispe  t isnar it no   
nehw  gnitrevnoc  s'AFN  ot  raluger  erpxe snoiss .  

 
ehT  laitini  etats  fo  ruo  wen  enihcam  si  2q,1q,0q{  } t eh  pe is nol  erusolc  fo  q0  

 
ehT  lanif  (etats s) fo  ruo  n we  enihcam  si  eht  n we  st )s(eta  taht  noc tai  n  

a etats  s lobmy  taht  w sa  a eht ni etats lanif  ro i lanig  m enihca .  
 

ehT  wen  enihcam  pecca ts eht  as em  al n egaug  sa  the dlo  ,enihcam  suht  as em  is gma.  
 

oS  raf   ew h f eva o uo r  t new FN A  
'Q  = { ,}2q,1q,0q{  ,1q{ q ,}2  }2q{  } ro  aner m de  { qx  , q ,y  q  z } 

∑= { ,a  ,b  c }  
'F  = { ,}2q,1q,0q{  q,1q{ 2 ,}  }2q{  } ro  aner m de   { xq , q ,y  q  z  }  
0q  = }2q,1q,0q{  aner ro m de  qx  

 
i upn st   
 
δ′  

xq  }2q,1q,0q{ro  
2q,1q{ro yq }  

zq   }2q{ro  

woN  ew  llif  ni  t eh  art nsiti no s. rebmemeR  taht  a AFN  sah  noitisnart  ne t eir s taht  era  stes .  
,rehtruF  the seman  ni  eht  noitisnart  yrtne  s ste  tsum  eb  no ly eht  ats te seman  orf Q m '  .  

eV ry luferac ly redisnoc  hcae  dlo  enihcam  snoitisnart  ni  eht  tsrif  wor  .  
uoY  nac  erongi  any φ ne t seir  dna  i erong  t eh  ε loc u nm .  

nI  hcam dlo eht i en  δ 0q( , 0q=)a  suht  ni  eht  wen  ma nihc  e  
δ a,}2q,1q,0q{(' ) 1q,0q{= , }2q  siht  si  j su t esuaceb  eht  wen  am hc in  e  

stpecca  eht  emas  al ngu ega  sa  eht  dlo  enihcam  dna  tsum  a l t tsae  evah  the  
eht  emas  snoitisnart  rof  t eh  wen  ts eta  n sema .  

 
i stupn   

δ′  
xq  }2q,1q,0q{ro  

2q,1q{ro yq }  
zq   }2q{ro  

 
oN  erom  seirtne  og  nu d re  tupni  a wor tsrif eht ni  suaceb e  
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old δ )a,1q( =φ, δ 2q( ,a)=φ  
 

woN  redisnoc  eht  tupni  b rif eht ni  ts ,wor  δ ,0q( )b =φ, δ 2q{=)b,1q( }  
dna  δ )b,2q( =φ. ehT  nosaer  ew  deredisnoc  ,0q  1q  dna  2q  in eht   dlo  

enihcam  saw  b uace se o tu  wen  etats  sah  s lobmy s ,0q  1q  dna  2q  ni  eht  en w  
etats  eman  morf  eht  pe s noli  clos eru . ecniS  1q  i i s n }2q,1q,0q{   dna  

δ 1q=)b,1q(  th ne  δ 2q,1q{=)b,}2q,1q,0q{(' }. YHW  }2q,1q{  ?, uaceb s  e  
}2q,1q{  si  eht  wen  senihcam  eman  rof  eht  dlo  m senihca  eman  1q . J  tsu  
erapmoc  eht  htorez  loc u nm  fo  δ to δ'. oS  ah ew ve  

 
 

i tupn s  
 

a b c  
q{ x} }}2q,1q,0q{{ro  }yq{  }}2q,1q{{ro  

 
 
 

,woN  esuaceb  ruo  n we  q  x etats  sah  a s lobmy  2q  ni  sti  eman   dna  
δ c,2q( ) 2q=  si  ni  eht  dlo  ,enihcam  eht  new eman  f ro  eht  dlo   ,2q  

hcihw  si  zq  ro  si }2q{  up i t otn  eht  upni t c t snar ti noi  in wor  1.  
stupnI   

 
a b c  
q{ x} }}2q,1q,0q{{ro  }yq{  }}2q,1q{{ro  }zq{  }}2q{{ro  

 
 
 

,woN  suoidet l ,y  evom  o  n ot  wor  ,owt  ...   .  
uoY  era  iredisnoc ng lla  snoitisnart  ni  eht  dlo  m ,enihca  atled  ,  

rof  lla  dlo  enihcam  etats  s slobmy  ni  eht  eman  fo  t eh  wen  ma senihc  setats .  
eniF  eht  dlo  ihcam ne etats  taht  stluser  morf  na  in up  t dna  t snar l ta e  

eht  dlo  enihcam  etats  t  o eht  gnidnopserroc  n we  enihcam  etats  an me na  d  
tup  eht  wen  enihcam  etats  eman  ni  eht  tes  in ed atl '. woleB   eht era  

gnol"  wen  etats  "seman  dna  eht  demaner  etats  seman  ni  'atled  .  
 

stupnI   
 

c  
}zq{  }}2q{{ro  
}zq{  }}2q{{ro  
}zq{  }}2q{{ro  
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xq  }2q,1q,0q{ro  

2q,1q{ro yq }  
zq   }2q{ro  

δ′  
xq  }2q,1q,0q{ro  

2q,1q{ro yq }  
zq   }2q{ro  

b  
}}2q,1q{{ro }yq{  
}}2q,1q{{ro }yq{  

φ  

δ′  
xq  }2q,1q,0q{ro  

}2q,1q{ro yq  
zq   }2q{ro  

a  
q{ x} {ro }}2q,1q,0q{   

φ  
φ  
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ehT  fi erug  evoba  al b dele  AFN  swohs  siht  etats  noitisnart  elbat .  
 

tI  smees  rehtar  laivirt  ot  dda  eht  nmuloc  rof  nolispe  isnart t ,snoi   
tub  ew  lliw  ekam  doog  esu  fo  siht  ni  gnitrevnoc  raluger  ex snoisserp   

ot  senihcam . er ralug - noisserpxe  -> AFN - nolispe  -> AFN  -> AFD .  

 
3.2  ralugeR:  pxe r oisse  n  

eD fin ti ion: A raluger  noisserpxe  si  evisrucer ly d denife  sa  swollof  .  
 

1. φ si  a raluger  noisserpxe  gnitoned  na  ytpme  gnal u ega  .  
2. ε- )nolispe(  si  a raluger  noisserpxe  setacidni  eht  l egaugna  gniniatnoc  na  empty irts ng.  
3. a si  a raluger  ex noisserp  hcihw  setacidni  eht  al ngu ega  iniatnoc ng no ly }a{   
4. fI  R is a raluger  ex erp s nois  gnitoned  the al ngu ega  LR na d S si  a re lug ra  ex serp si  no  

gnitoned  eht  al ngu ega  LS, neht   
a. S+R  si  a raluger  sserpxe i idnopserroc no n  eht ot g l gna u ega  LRULS  .  
b. S.R  si  a raluger  egaugnal eht ot gnidnopserroc noisserpxe  LR.LS..  
c. *R  si  a raluger  isserpxe on idnopserroc n egaugnal eht ot g  LR

*  .  
5. ehT  snoisserpxe  deniatbo  yb  ppa l iy ng any of eht  selur  morf  1-4 era  r aluge r  

noisserpxe s.  

 
 
 
 
 

pmaxe emos swohs 1.3 elbat ehT l  eht dna snoisserpxe raluger fo se l  ot gnidnopserroc egaugna t eh s  e  
sserpxe raluger i no s.  

eR g ralu  gninaeM   
ex snoisserp   

*)b+a(  teS  fo  irts n sg  of s’a  dna  s’b  of any lengt  h  
gnidulcni  eht  LLUN  gnirts .  

ba*)b+a( b teS  fo  sgnirts  fo  s’a  and s’b  gnidne  with t  eh  
ba gnirts b  

)b+a(ba * teS  fo  sgnirts  fo  s’a  and s’b  gnitrats  htiw  t  eh  
nirts g ba  .  

b+a(aa*)b+a( ) teS  fo  sgnirts  of ’a s dna  s’b  ivah ng a bus  st ir n  g  
* aa .  

c*b*a * teS  fo  irts ng gnitsisnoc  of any ebmun r of  
m(s’a ay eb  ytpme  gnirts  )osla  dewollof  yb  an  y  

ebmun r of am(s’b y i dulcn e ytpme  st  )gnir  
dewollof  yb  any rebmun  fo  m(s’c ay ulcni d  e  
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ytpme  ts )gnir  .  
a+b+c+ teS  fo  gnirts  gnitsisnoc  fo  ta  tsael  eno  ’a‘  

dewollof  by irts ng gnitsisnoc  fo  ta  tsael  eno  ’b‘  
dewollof  by gnirts  gnitsisnoc  fo  ta  eno tsael  ‘c’  .  

cc*bb*aa * teS  fo  gnirts  gnitsisnoc  fo  ta  tsael  eno   ’a‘  
dewollof  by irts ng noc gnitsis  fo  ta  tsael  eno  b‘ ’  
dewollof  by gnirts  gnitsisnoc  fo  ta  eno tsael  ‘c’  .  

(a b+ )* (a + teS  fo  sgnirts  fo  s’a  dna  s’b  gnidne  htiw  e ti reh  a  
bb )  ro bb   

*)bb(*)aa( b teS  fo  sgnirts  gnitsisnoc  fo  neve  rebmun  fo  a’s  
dewollof  by ddo  bmun re  fo  ’b s  

00*)1+0( 0 teS  fo  sgnirts  fo  s’0  dna  s’1  gnidne  wi ht  t erh e  
evitucesnoc  (sorez or dne i gn  htiw  000  )  

)11( * teS  gnitsisnoc  fo  neve  nu rebm  fo  ’1 s  
 

elbaT  1.3  inaeM ng fo  raluger  ex sserp i no  s  

 
 noisserpxe raluger a niatbO t pecca o o sgnirts fo gnitsisnoc egaugnal a t f ’a s s’b dna   fo e  nev el gn th.  

 
gnirtS  fo  ’a s na d s’b  of neve  el n htg  ac n eb  bo t denia  by eht  noitanibmoc  of t eh  st ir n sg  ,aa  ba ,  

ab  dna  .bb  ehT  egaugnal  yam  neve  tsisnoc  fo  na  pme ty gnirts  oned t de  by ε. ,oS  eht  aluger r  
ex noisserp  nac  eht fo eb  rof m  

aa(  + ba  + ba + )bb *  

ehT  * erusolc  sedulcni  eht  pme ty gnirts .  
:etoN  sihT  raluger  ex noisserp  nac  osla  eb  erper sen det  gnisu  tes  noitaton  sa   

)R(L  = aa({  + ba  + ab  + )bb n | n ≥ 0}  

 
 noisserpxe raluger a niatbO t ugnal a tpecca o gnirts fo gnitsisnoc ega s of ’a s s’b dna  fo  gnel ddo th.  

gnirtS  fo  s’a  dna  s’b  fo  ddo  htgnel  nac  eb  iatbo n de  by eht  noitanibmoc  fo  eht  sgnirts  ,aa   ,ba  
ab  dna  bb   dewollof by  rehtie a ro  b. ,oS  eht  r raluge  ex noisserp  nac  eb  fo  eht   mrof  

aa(  + *)bb + ab + ba  +a( b  )  

gnirtS  fo  s’a  dna  s’b  of o dd  tgnel h ac n osla  eb  deniatbo  by eht  itanibmoc on fo  eht  ts ir n sg  aa ,  
,ba  ab  dna  bb  p  dedecer by  rehtie a ro  b. ,oS  eht  raluger  ex noisserp  nac  sla  o eb  detneserper   sa  

)b+a(  aa(  + ba  + ab  + bb *)   

:etoN  nevE  hguoht  eseht  owt  ex noisserp  era  smees  ot  eb  ,tnereffid  eht   egaugnal  
idnopserroc ng ot  esoht  t ow  ex noisserp  si  same. ,oS  a rav iety of raluger  ex snoisserp  nac  b  e  

deniatbo  rof  a lan egaug  dna  lla  era  iuqe v tnela  .  
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etinif: 4.2  er dna atamotua g lu a e r x serp sio  sn  

niatbO  AFN  from eht  raluger  xe p oisser  n  

 
meroehT : teL  R eb  a raluger  ex noisserp . nehT  ereht  ex stsi  a etinif  notamotua  M = ,Q(  ∑, δ,  

q0, )A  hcihw  (L stpecca R).  
 

:foorP  By de inif it ,no  φ, ε dna  a are uger l ra  ex .snoisserp  ,oS  eht  pserroc o gnidn  ihcam n se  ot   
ezingocer  eseht  snoisserpxe  era  nwohs  ni  erugif  3. ,a.1  b.1.3  dna  c.1.3  evitcepser ly.  

 
 

qf q0  
 

a( ) )b(  )c(   
 

giF  1.3  sAFN  ot  tpecca  φ, ε a dn  a  
 

ehT  citamehcs  per r noitatnese  fo  a raluger  ex noisserp  R ot  tpecca  eht  al ngu ega  (L R) si   nwohs  
ni  2.3 erugif . erehw  q si  eht  trats  etats  dna  f si  eht  lanif  etats  fo  ihcam ne M  .  

)R(L   

q M f 

 
giF  2.3  mehcS a cit  atneserper noit  fo  AF  ca cep it ng L )R(   

 
nI  eht  d noitinife  fo  a raluger  ex noisserp  ti  si  aelc  r taht  fi  R dna  S era  re ug l ra  ex ,noisserp   neht  

S+R  dna  S.R  dna  *R  era  raluger  ex snoisserp  hcihw  raelc ly sesu  ht r ee  op srotare  ,’+‘  ‘-‘ dna   
’.‘ . teL  su  ekat  hcae  esac  letarapes y dna  tcurtsnoc  tnelaviuqe  enihcam . teL  M1 = Q( 1, ∑1, δ1,  

q1, f1) eb  a enihcam  egaugnal eht stpecca hcihw  R(L 1 eht ot gnidnopserroc )   raluger  
ex sserp i no  R1. teL  M2 = (Q2, ∑2, δ2, q2, f2) eb  a enihcam  hcihw  stpecca  eht  gnal u ega  R(L 2)  

idnopserroc ng ot  eht  raluger  ex noisserp  R2  .  
 

1 esaC :  R = R1 + R2  . eW  c na  tcurtsnoc  na  AFN  hcihw  ca c rehtie stpe  R(L 1) ro  R(L 2  hcihw )  
sa detneserper eb nac  L(R1 R + 2 nwohs sa )  in gif u er  3.3 .  

 
R(L 1) 

ε  
q0  

ε  
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F gi . 3.3  oT  tpecca  eht  langu ega  L 1R(  +  )2R  
 
tI  si  raelc  f mor  fi erug  3.3 taht  eht  enihcam  nac  rehtie  tpecca  R(L 1) or R(L 2 .)  ,ereH  q0 is ht e  

trats  etats  fo  eht  denibmoc  enihcam  dna  qf si  eht  lanif  etats  fo  denibmoc  ma hc i en  M.  
 

2 esaC :  R = R1 . R2. eW  nac  tcurtsnoc  na  AFN  hcihw  stpecca  R(L 1  dewollof ) by R(L 2  hcihw )  
sa detneserper eb nac  L(R1 . R2 4.3 erugif ni nwohs sa ) .  

R(L 1) R(L 2) 
q1 M1 

 
giF . oT4.3  tpecca  eht  langu ega  1R(L  . )2R   

 
tI  si  raelc  morf  fi erug  3.4 taht  eht  enihcam  retfa  gnitpecca  R(L 1) sevom  morf  etats  q1 ot  f1  .  

ecniS  ereht  si  a ε- ,noitisnart  tuohtiw  any tupni  ereht  lliw  eb  a noitisnart  morf  etats  f1 ot   etats  
q2. nI  etats  q2, nopu  gnitpecca  R(L 2 ,)  eht  m enihca  sevom  ot  f2 hw i hc  is the lanif  etats . suhT ,  
q1 hcihw  si  eht  trats  etats  fo  enihcam  M1 oceb mes eht  ts ra t ats te of eht  comb deni  hcam i en  M  

dna  f2 hcihw  si  eht  lanif  etats  fo  enihcam  M2, semoceb  eht  lanif  etats  fo  enihcam  M  dna  
stpecca  eht  egaugnal  (L R1 R. 2).  

 
3 esaC : R = R( 1)*. eW  nac  tcurtsnoc   na N rehtie stpecca hcihw AF  R(L 1)*) sa  nwohs  ni  fi ug r  e  

.5.3 a. tI  nac  osla  eb  rper detnese  sa  nwohs  ni  fi erug  b.5.3 .  

 
 ε  

 ε  q0  

(L R1)  
ε  

)a(   

 
 ε  

 
q0  ε  

 
 ε  

 
b( )  

 
giF . 5.3  oT  l eht tpecca angu ega  L )1R( *  

 
tI  si  aelc r morf  gif u er  3.5 taht  eht  enihcam  ac n ei reht  tpecca  ε or any un m reb  fo  R(L 1 s)  t uh s  

gnitpecca  eht  egaugnal  R(L 1)*. ,ereH  q0 si  eht  rats t etats  qf is eht  fi an l st eta .  
 

s eht htiw gnitrats s’b dna s’a fo sgnirts stpecca hcihw AFN na niatbO tri  gn ab.  
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ehT  raluger  ex noisserp  idnopserroc ng ot  siht  egaugnal  si  ba ( *)b+a  .  
 

petS  :1  ehT  enihcam  ot  ecca tp  ’a‘  si  s nwoh  eb l wo  .  
 

a  
 
 

petS  :2  ehT  enihcam  ot  tpecca  ‘b’ is nwohs  oleb w.  
 

b  
 

petS  :3  ehT  enihcam  ot  tpecca  a(  + )b   si nwohs  be wol .  

a  

 
 
 

b  

petS  :4  ehT  enihcam  ot  tpecca  *)b+a(  si  nwohs  be wol .  

ε  
a  

ε  
 
 

b  
ε  

 
petS  :5  ehT  enihcam  ot  tpecca  ba  si  nwohs  b wole .  

 
a  

 
petS  :6  ehT  enihcam  ot  tpecca  ab +a( b *)  si  nwohs  eb l wo .  

 
 

ε  
a  

a  
 

 ε  
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5  4  

6  7  

 ε  

3  

 ε  

5  

 
 
7  

 ε  

8  

ε  

4  

 
 
6  

ε  
 ε  

8  

 ε  

ε  

 3  

 ε  

4  

 
 
6  

5  

 
 
7  

2  9  

b  0  1  2  

5  

 
 
7  

 ε  
 ε  

 8  

 ε  

4  

 
 
6  

ε  
ε  

3  2  1  9  
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giF . 6.3  oT  tpecca  eht  langu ega  L a( b +a( b )*)   
 

niatbO  eht  raluger  noisserpxe  morf  AF   

meroehT : eL t M = ( ,Q  ∑, δ, q0, A) eb  na  AF  re gnizingoc  ht e al n ug a eg  L. ehT n reht e exi sts   
na  tnelaviuqe  raluger  noisserpxe  R rof  eht  r raluge  gnal u ega  L hcus  th ta  L = )R(L  .  

 
ehT  eneg r la  orp erudec  ot  niatbo  a raluger  ex serp s noi  morf  AF  si  nwohs  woleb . snoC i red  t eh   

dezilareneg  hparg   

r  1  
q0  

r 

giF . 9.3  dezilareneG  rt a oitisn n arg ph  
 

erehw  r1, r2, r3 dna  r4 era  eht  raluger  ex snoisserp  dna  dnopserroc  ot  eht  slebal  rof  eht  segde .  
ehT  r raluge  ex noisserp  rof  siht  nac  t eka  eht  mrof :  

 
r = r1

*r2 r( 4 + r3r1
*r2)*  )1.3(  

 
toN e  :  
1. Any parg h ac n eb  der u dec  ot  eht  parg h wohs n ni  gif u er  9.3 . ehT n su etutitsb   eht  

raluger  snoisserpxe  etairporppa ly ni  eht  qe u noita  1.3  dna  niatbo  eht  lanif  aluger r  
oisserpxe n.  

2. fI  r3 si  ton  ereht  ni  fi erug  raluger eht ,9.3  ex t fo eb nac noisserp he rof m  
r = r1

*r2 r4
*  )2.3(  

 
3. fI  q0 dna  q1 era  eht  lanif  s setat  uger eht neht l e ra x b nac noisserp  e fo  eht  for  m  

r = r1* + r1
*r2 r4

* 3.3(   

 
 
 
 
 
 

sserpxe raluger a niatbO ht rof noi e  AF s eb nwoh l  :wo  
0  

q0  
 

0 1 

 
q2  
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q1  
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0  

 
q3  
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ehT  erugif  nac  eb  der u dec  sa  nwohs  woleb :  
10   

q0  

01   
 
tI  si  raelc  morf  siht  fi erug  taht  eht  enihcam  pecca ts sgnirts  fo  s’10  dna  ’01 s fo  any len htg  na d  
eht  raluger  ex noisserp  nac  eb  eht fo  rof m  

 
10(  + )01 *  

 
 si tahW t wollof eht yb detpecca egaugnal eh i  AF gn  

 
1 

q1 
 0  

 
,ecniS  etats  q2 si  eht   eb nac ti ,etats daed r devome  dna  t eh  gniwollof  AF  is deniatbo .  

1  

q1  

 
ehT  etats  q0  si ti tniop siht ta dna etats lanif eht  can ca c pe  t any un m reb  of 0 s’  hw i hc  nac  b  e  

detneserper  isu ng noitaton  sa   
 

0*  

 
q1 si  osla  eht  fi an l ts at .e  ,oS  ot  hcaer  q1 eno  nac  i tupn  any rebmun  fo  s’0  f dewollo  by 1 na d  

dewollof  by any rebmun  fo  s’1  dna   eb nac r pe er s  sa detne  
0* 11 *  

 
,oS  eht  lanif  raluger  ex noisserp  si  deniatbo  by da d gni  0* dna  0* 11 *. ,oS  eht  raluger  noisserpxe   

i  s  
 

R E.  = 0* + 0* 11 *  

= 0* ( � + 11*)  
= 0* ( � + 1+)  
= 0* 1( *) = 0*1*  

 
tI  si  raelc  morf  eht  uger l ra  ex noisserp  taht  al n egaug  stsisnoc  fo  any rebmun  fo  0 s’  bissop( ly  

ε) dewollof  by any rebmun  fo  bissop(s’1 ly ε)  .  
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 snoisserpxE ralugeR fo snoitacilppA:5.2  
nrettaP  gnihctaM  r srefe  ot  a tes  of tcejbo s w ti h s emo  oc mm no  porp er it se . eW  nac  m hcta   na  

reifitnedi  ro  a d lamice  nu rebm  ro  ew  nac  aes r hc  for a gnirts  ni  eht  text.  
 

ide XINU ni noisserpxe raluger fo noitacilppa nA tor de  .  
nI  XINU  gnitarepo  s sy t ,me  ew  nac  esu  ht e tide or de  ot  craes h rof  a eps ci cif  nrettap  ni  t  eh  
et xt. roF  ex ,elpma  fi  eht  dnammoc  deificeps  is  

 
/c*bca/   

 
neht  eht  rotide  craes h se  rof  a irts ng cihw h ts ra st  with ac ewollof d by orez  ro  om re ’b s na d  

dewollof  yb  the s lobmy  c. etoN  taht  eht  rotide  ed stpecca  eht  raluger  ex noisserp  dna  ehcraes s  
rof  taht  ralucitrap  rettap n ni  eht  et x .t  sA  eht  tupni  nac  av ry d lacimany l ,y  ti  si  gnignellahc   ot  

etirw  rp o smarg  rof  irts ng srettap  fo  eseht  sdnik  .  
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Q tseu i :sno  

= L egaugnal gniwollof eht tpecca ot AFN na niatbO   w | w{ � baba n aba ro n w  n ereh ≥ 0}  

uqe na otni AFN gniwollof eht trevnoC i nelav  t AFD .  
 
 

0  
q0  

 
tnelaviuqe sti ot AFN gniwollof eht trevnoC  AFD  .  

ε  

a  
 

a b  
0 1  

 
 

ε  
 

P.T. teL  R eb  a raluger  ex noisserp . nehT  ereht  ex si st  a etinif  notamotua  M = ,Q(  ∑, δ,  
q0 stpecca hcihw )A ,  (L R).  

 
ht htiw gnitrats s’b dna s’a fo sgnirts stpecca hcihw AFN na niatbO e stri ba gn .  

 
mohC nialpxE ?rammarg enifeD s yk   elpmaxe na eviG ?yhcrareiH  

)a(  niatbO  rammarg  ot  etareneg  gnirts  gnitsisnoc  fo  yna  rebmun  fo  a s’  dna  b s’  with  ta  
no tsael e b.  

• niatbO  a rammarg  ot  etareneg  the lof l wo i gn  l ugna a eg : L = WW{ R ehw re W�{a,  
*}b }  

)a(  niatbO  a rammarg  ot  etareneg  eht  gniwollof  :egaugnal  L = { 0m 1m2n | =>m  1  dna  
0=>n }  
• niatbO  a rammarg  ot  gene ar te the set of a ll  ts ir sgn  htiw  on  om re t nah  thr ee  s’a   nehw  

Σ b ,a{ = }  
9.  :egaugnal gniwollof eht etareneg ot rammarg a niatbO  

i( ) L = { w | n a(w) > n b w( ) }  
(i  L )i = { a  n bm ck | 2+n m  = k 0=>n rof , m 0=> }  

01 . enifeD  noitavired  , t py se  of noitavired  , eD noitavir  eert  & suougibma  .rammarg  iG v  e  
ae rof elpmaxe ch.  

11 . a rammarg gniwollof eht sI m  ?suougib  
S   Ba |  Ab  
A   a| AAb | Sa  
B   b | BBa | Sb  

21 . ADP enifeD  . tbO a cca ot ADP ni e tp  eht  nal g au g  = L e {a  n bn b }1=>n | y if a n la  ts ate  .  
31 . n trohs a etirw ammarg eerf txetnoc fo noitacilppa no eto r.  
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NU IT :3  
PROPERTIES OF UGER AL R NAL G AU GES  

1.3  eR g ralu  segaugnal   
 

.3 2 gnivorp  segaugnal  not ot  eb  aluger r la gn uag se   
 

3.3  erusolc  orp p seitre  fo  er g ralu  nal g segau   
 

4.3  noisiced  seitreporp  of raluger  segaugnal   
 

5.3  qe uiv ecnela  dna  nim i noitazim  fo  atamotua   
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gnal ralugeR:1.3 u  sega  

nI  laciteroeht  retupmoc  ecneics  dna  rof m la  egaugnal  oeht ry, a r raluge  langu ega  si  a rof mal  
gnal u ega  taht  nac  eb  ex desserp  gnisu  a uger l ra  ex sserp i no . etoN  taht  eht  raluger"  ex  "noisserp  

serutaef  dedivorp  htiw  m yna  gnimmargorp  segaugnal  era  au detnemg  htiw  serutaef  taht  am ke  
meht  elbapac  of cer o gnizing  al n segaug  taht  nac  not eb  ex desserp  by eht  of mr la  re ug l  ra  

ex noisserp  s ( amrof sa ll y ed if den  eb l wo )  .  
 
nI  eht  smohC ky yhcrareih , raluger  segaugnal  era  denifed  ot  eb  eht  segaugnal  taht  era   

detareneg  by epyT -3 srammarg  ( raluger  srammarg ). ralugeR  segaugnal  era  yrev  lufesu  ni   
tupni  gnisrap  dna  gnimmargorp  egaugnal  ngised .  

 
oitinifed lamroF n  

ehT  noitcelloc  fo  raluger  gnal u sega  revo  na  pla hab te  Σ si  denifed  evisrucer ly sa  :swollof   
 

• ehT  ytpme  al n egaug  Ø si  a raluger  al n egaug  .  
• roF  hcae  a � ( Σ a oleb n sg  ot  ,)Σ  eht  elgnis not  lan egaug  {a} si  a al raluger n ug a eg  .  
• If A dna  B era  raluger  lan ,segaug  neht  A � B ,)noinu(  A • B ,)noitanetacnoc(  dna  A*  

( eneelK  rats ) era  raluger  segaugnal .  
• oN  rehto  segaugnal  revo  Σ era  raluger .  

 
eeS  raluger  ex noisserp  for sti  s atny  x dna  es m na t ci s. etoN  taht  eht  evoba  ac s se  era  ni   tceffe  
eht  gninifed  selur  fo  r ge u ral  ex noisserp   

 
 selpmaxE  

 
llA  etinif  segaugnal  are uger l ;ra  ni  ralucitrap  eht  pme ty gnirts  lan egaug  ε{  } = *Ø  si  luger ar.  

rehtO  lacipyt  selpmaxe  edulcni  eht  al n egaug  noc s gnitsi  fo  a ll  sgnirts  ov re  t eh  tebahpla  {a, b}  
hcihw  niatnoc  na  neve  nu rebm  fo  a ,s  ro  eht  al ngu ega  gnitsisnoc  fo  lla  sgnirts  fo  eht  rof :m   

ves era  l as dewollof  by lareves  bs.  
 
A elpmis  ex elpma  fo  a egaugnal  taht  si  ton  raluger  si  eht  se  t fo  ts gnir s .  

evitiutnI l ,y  ti  tonnac  eb  cer o dezing  htiw  a etinif  ,notamotua  ecnis  a etinif  aut amo t no  sah   
etinif  yromem  dna  ti  tonnac  rebmemer  eht  ex tca  rebmun  fo  s'a . T euqinhce s ot  evorp  ht is  tcaf  

suorogir ly era  nevig  woleb .  
 

ger eb ot ton segaugnal gnivorp u nal ral g au g se   

 
• gnipmuP   ammeL  

desU  ot  al niatrec evorp n ekil segaug  0{ = L n1n n |  uger ton era }1 ≥ l ra  .  
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• erusolC  reporp seit  fo  re al ralug n egaug s  
desU  ot  dliub  srezingocer  rof  segaugnal  taht  era  detcurtsnoc  morf  rehto  lan segaug  by  

niatrec  snoitarepo  .  
Ex. atamotuA  rof  noitcesretni  fo  owt  raluger  l egaugna s  

• noisiceD  seitreporp  fo  raluger  l egaugna  s  

– desU  ot  dnif  rehtehw  wt  o atamotua  enifed  the as me lan ug age  

– desU  ot  eziminim  t eh  setats  fo  DF  A  
eg. seD i ng  fo  ihctiws ng stiucric .  

nipmuP g f ammeL o uger r l gnal ra uages E ( x noitanalp )  
Let L = 0{ n1n | n ≥ 1}  

erehT  si  on  raluger  noisserpxe  ot  enifed  L. 11*00 * si  ton  eht  uger l ra  ex erp s nois  gninifed  L.  
teL  =L  0{ 212  

 
 
 
 
 

etatS  6 si  a part  ,etats  etats  3 srebmemer  taht  owt  s’0  evah  emoc  dna  morf  ereht  ats te  5  
srebmemer  taht  owt  s’1  era  detpecca .  

sihT  pmi seil  AFD  h sa  on  omem ry ot  rebmemer  ibra trary ’n‘ . nI  to h re  sdrow  fi  ew  ah ve to  
rebmemer  ,n  hcihw  seirav  morf  1 ot  ∞ ew��  evah  ot  evah  fni i etin  etats s, hcihw  is on t  

elbissop  htiw  a etinif  etats  ,enihcam  hw i hc  sah  if n eti  un m reb  fo  ats t se .  

 
 
 
 
Pump gni  eL mm a ( )LP  for Regu al r L gna uag se   

meroehT :  
teL  L eb  a raluger  al ngu .ega  nehT  ereht  ex stsi  a tnatsnoc  ’n‘  hcihw(  d pe e dn s  

no  )L  su hc  taht  rof  yreve  irts ng w ni  L hcus  th ta  |w| ≥ ,n  ew  nac  kaerb  w otni  eerht  rts i sgn ,  
,zyx=w  hcus  :taht   

1. |y|  >  0  

2. |x |y  ≤ n  

3. roF  lla  k ≥ ,0  eht  irts ng xykz si  al os  in L.  

FOORP : 

teL  L eb  uger l ra  denifed  yb  na  AF  gnivah  ’n‘  setats . teL  =w  a1 a, 2 a, 3 --- -an dna  si  ni  L.  
|w|  = n ≥ n.  trats eht teL s  eb etat P1. teL  w = x zy  erehw  =x  a1 a, 2 a, 3 ----- an-1 , a=y n dna  z = ε  .  
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eroferehT  xykz = a1 ------  an-1 a( n)k ε  

=k 0 a1 ------  an-1 si   detpecca  

=k 1 a1 ------  an si  etpecca d  

=k 2 a1 ------  a 1+n  si  detpecca   

1=k 0 a1 ------  a 9+n  si  detpecca  dna  os  no .  
 
 

sesU  fo  uP gnipm  ammeL : - sihT  si  ot  eb  desu  ot  wohs  ,taht  niatrec  segaugnal  era  ton  uger l ra .  
tI  luohs d reven  be esu d ot  wohs  aht t emos  al n egaug  si  re ug l ra . fI  oy u tnaw  ot  hs ow aht t  

egaugnal  si  uger l ,ra  etirw  arapes te ex ,noisserp  AFD  ro  AFN  .  

lareneG  dohteM  fo  orp of: -  

(i) tceleS  taht hcus w   |w| ≥ n  

ii( ) tceleS  taht hcus y  |y|  ≥ 1  

(i ii ) tceleS  x hcus  | taht x  |y ≤ n  

)vi(   ngissA r irts gniniame ng to  z  

v( ) tceleS  k batius ly ot  wohs  ,taht  gnitluser  irts ng si  ton  ni  L.  

Ex elpma  1  .  

taht evorp oT  {=L w|w ε anbn, erehw  n ≥ }1  is on t re alug r  

oorP f: 

teL  uger eb L l ra . teL  n si  eht  tnatsnoc  (PL tinifeD i )no . redisnoC  a drow  w ni  L.  
teL  w = anbn, hcus  taht  n2=|w| . ecniS  n2  > dna n  L uger si l yfsitas tsum ti ra  PL.  
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xy ylno niatnoc  s’a . esuaceB(  x| y| ≤ n).  
teL  ,l=|y|  erehw  l  esuaceB( 0 > > |y|  0)  .  

 
,nehT  eht  kaerb  pu  fo  x. y dna  sa eb nac z   swollof  

 
 
 
 

morf  eht  noitinifed  fo  PL , =w xyk ,z  ,1,0=k erehw 2, ------ ∞, oleb dluohs n t g o L.  

tahT  si  an-l (al)k bn � ,L  rof  lla  ,2,1,0=k ------ �  ∞  

tuP  0=k . ew  teg  an-l bn � L.  

oitcidartnoC n. ecneH  eht  egaugnaL  si  ton  uger l ra .  

Ex elpma  2  .  

oT  evorp  taht  {=L w|  w si  a emordnilap  no  }*}b,a{  si  ton  luger ar. ,.e.i  a ,aabaa{=L b  ,a  
}…,abbbba   

oorP f: 

teL  uger eb L l ra . teL  n si  eht  tnatsnoc  (PL tinifeD i )no . redisnoC  a drow  w ni  L. teL  w  
= an ab ,n  hcus  taht  |w 2=| n 1+ . ecniS  1+n2  > n and yfsitas tsum ti raluger si L  PL.  
 
 
 
 
 
 
 

yx  niatnoc  ylno  s’a . ( suaceB e x| y| ≤ n).  
teL  ,l=|y|  erehw  l > 0 ( suaceB e |y| > )0  .  

 
tahT  eht ,si  kaerb  pu  of x. y dna  z sa eb nac   swollof  

 
 
 
 

morf  ed eht f ini oit  n fo  LP  yx=w k ,2,1,0=k erehw ,z ------ ∞, oleb dluohs n t g o L  .  
k 

si tahT  an-l a( l) ab  � ,L  rof  ,2,1,0=k lla -- -- --�∞.  
tuP  0=k . ew  teg  a b a � ,L  uaceb s ,e  ton si ti  a ap l ordni me. ,noitcidartnoC  ecneh  eht   
gnal u ega  si  ton  aluger  r  

.  
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Ex elpma  3  .  

oT  evorp  taht  {=L  lla  sgnirts  fo  1 s’  esohw  el n htg  i ton si }emirp s  uger l ra . ,.e.i  1{=L 2,  
13 1, 5 1, 7 1, 11  , ---- }  

:foorP  teL  L eb  raluger . teL  w = 1p erehw  p si  emirp  dna  | p| = n 2+   

teL  y = m.  

yb  LP  xykz �L  

yx | k  z | y | + | zx | = k | teL  k = p-  m  

= p( - )m  p( m + -m)  

= p( - )m  (1  )m+ -----  siht  nac  eb ton   emirp  
p fi -  m 2 ≥  ro  m+1  ≥  2  

1. )m+1(   esuaceb 2 ≥  m  ≥ 1  

2. gnitimiL  esac  2+n=p   
p( - )m  ≥ m ecnis 2  ≤n  

Ex elpma  4  .  

oT  evorp  taht  0 {=L i  i | i on si }0> i dna regetni s t raluger . ,.e.i  L= 0{ 2, 04 0, 9 0, 61  0, 25  
, --- -  }  

:foorP  teL  L eb  raluger . w teL  0 = n erehw  |w|  = n2  n ≥  

yb  LP  xykz � ,L  rof  lla  k = ,1,0 -- -  

tceleS  k =  2  

yx | 2 | z   | y | + | zyx | =  

n = 2 + Min 1 dna  aM x  n  

eroferehT  n2 < | xy2z | ≤ n2 + n  

n2 < | xy2z | < n2 + n + n+1  gnidda  1 + n ( etoN   taht l qe ro naht sse u la  to is 
n2 < | xy2z | < n(  + )1 2 decalper  by ssel  naht   )ngis  

yaS  n = 5 siht  seilpmi  taht  gnirts  nac  h eva  el n htg   > 52  dna  < 36  
hcihw  ton si  rof eht fo m 0i  .  

a) wohS  taht  gniwollof  al n segaug  are n to  re ug al r  
 
 

3.3 :  seitreporp erusolc o segaugnal raluger f   
 
 
1. ehT  noinu  fo  owt  uger l ra  al n segaug  si  uger l ra  .  

2. ehT  noitcesretni  fo  owt  raluger  gnal u sega  si  raluger .  

3. ehT  tnemelpmoc  fo  a uger l ra  al n si egaug  re ug al r.  
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4. ehT  ecnereffid  fo  owt  raluger  gnal u sega  si  ger u ral .  

5. ehT  lasrever  fo  a uger l ra  al n egaug  si  raluger  .  

6. ehT  erusolc  )rats(  of a raluger  al ngu si ega  raluger  .  

7. ehT  noitanetacnoc  fo  raluger  segaugnal  si  uger l ra  .  

8. A msihpromomoh  bus( noitutits  fo  sgnirts  rof  ys m )slob  fo  a raluger  al n egaug  si  re lug ar.  

9. ehT  esrevni  omomoh r msihp  fo  a raluger  lan egaug  si  er alug r  

inU rednu erusolC o  n  
 
 

meroehT : fI  L dna  M era  raluger  gnal u ,sega  neht  s si o  L �M  .  

Ex1.  

a,a{=1L 3 a, 5, ----- }  

a{=2L 2 a, ,4 a6, ----- }  

L1� 2L  = a,a{ 2 a, 3 a, 4, ---- } 

)a(a=ER *  

Ex2.  

,ba{=1L  a2 b2, a3b3, a4b4, --- --} 

a,ba{=2L 3 b3 a, 5b5, ----- }  

L1� 2L  = a,ba{ 2b2, a3b3, a4b4, a5b5 ---- }  

)ba(ba=ER *  

 
 

moC rednU erusolC p  noitatnemel  
meroehT  : fI  L si  uger a l al ra n revo egaug  bahpla e neht ,S t   L = Σ* -  raluger a osla si L  

augnal ge  .  
Ex1  .  

a,a{=1L 3 a, 5, ----- }  
Σ* - a,e{=1L 2 a, 4 a, 6, ----- } 

)aa(=ER *  
Ex2  .  

redisnoC  a D ,AF  A t tah  stpecca  lla  dna  no ly t eh  gnirts s fo  0’s dna  1 s’  taht  dne   ni  
01. tahT  si  )A(L  = (0+1)* .10  ehT  elpmoc m tne  fo  )A(L  si  eht r erofe  lla  gnirts  fo  0 s’  dna  ’1 s  

taht  od  ton  dne  ni   10  
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hT eroe m  : - If L si  a reg lu ar augnal ge evo r alph teba  Σ, eht n, L = Σ* - L si  osla  a  
raluger  nal g gau e  

foorP : - teL  L rof )A(L=  AFD emos .  ,Q(=A Σ, δ, q0, .)F  hT en L = ehw ,)B(L r si B e  t  eh  
FD A ,Q(  Σ, δ, q0, Q- )F . tahT  ,si  B e si x tca ly ekil  gnitpecca eht tub ,A  states fo  A  evah  

emoceb  non - gnitpecca  st seta  fo  B  , dna  eciv  v asre  , neht  w ni si  fi )B(L  dna  no l fi y  δ^ ( q ,0  )w   
si  ni  Q- ,F  hcihw  no dna fi srucco l fi y  w si  ton  ni  L( )A .  

nU erusolC d  noitcesretnI re  
meroehT  : fI  L dna  M era  al raluger ngu  neht ,sega s si o  L ∩ M  .  

Ex1  .  
a,a{=1L 2 a, 3 a, 4 a, 5 a, 6, ----- }  

a{=2L 2 a, 4 a, 6, ----- }  
2L1L  = a{ 2 a, 4 a, 6, ---- }  

*)aa(aa=ER   
Ex2  

a,ba{=1L 3b3 a, 5b5 a, 7b7 ----- }  
a{=2L 2 b2, a4b4, a6b6, ----- }  

L1∩ 2L  = φ  
=ER  φ  

Ex3.  
redisnoC  a AFD  taht  stpecca  lla  esoht  sgnirts  aht t ah ve a 0.  

 
 
 
 
 

redisnoC  a AFD  taht  stpecca  lla  esoht  sgnirts  aht t ah ve a 1  .  
 
 
 
 
 
 

ehT  tcudorp  fo  evoba  two atamotua  si  nevig  b le ow.  
 
 
 
 
 
 
 
 
 
 
 

sihT  notamotua  stpecca  eht  noitcesretni  fo  eht  rif st owt  gnal au :seg  esohT  gnal ua seg  t tah  ha ev   
htob  a 0 dna  a 1. nehT  rp  erper s stne  no ly eht  laitini  ,noitidnoc  ni  hcihw  ew  h eva  nees  n ie t reh   
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0 ron  .1  nehT  etats  rq  m snae  taht  ew  evah  s nee  no ly ecno  ,s’0  ihw le ats te sp  per r stnese  ht e  

noitidnoc  taht  ew  evah  s nee  no ly 1 .s’  The gnitpecca  etats  sq  stneserper  the dnoc i noit  wh re  e  
ew  vah e s nee  htob  s’0  an s’1 d .  

E  x 4 no(  tcesretni i )no   

etirW  a AFD  ot  tpecca  the noitcesretni  fo  L1 a*)b+a(=  dna  L2 b*)b+a(=  taht  si  rof  1L  ∩ 2L .  
 
 
 
 
 
 
 
 
 
 
 

rof AFD  1L  ∩ 2L  = φ sa(  on  gnirts  sah  dehcaer  t  o lanif  etats  )4,2( )  

 
 
 
 
 
 
 
 
 
 
Ex5 no(  )noitcesretni   

F dni  eht  AFD  ot  tpecca  t eh  noitcesretni  fo  L1 ba*)b+a(=  *)b+a(  dna  (=2L a ab*)b+   
*)b+a(  th ta  si  rof  1L  ∩ 2L   
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rof AFD  1L  ∩ L2  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

nU erusolC d  ecnereffiD re  
meroehT  : fI  L dna  M ra e raluger  al ngu  neht ,sega s si o   L – M  .  

Ex  .  

a,a{=1L 3 a, 5 a, 7, ----- } 

a{=2L 2 a, 4 a, 6, ----- }  

1L - 2L  = a,a{ 3 a, 5 a, 7 ---- } 

)a(a=ER *  

asreveR l  
meroehT  : fI  L si  a uger l ra  al n ,egaug  os  si  LR  

Ex  .  

0{=L 0 10,111,01,1 }  

LR= }01,111,10,001{  

oT  evorp  taht  uger l ra  segaugnal  era  desolc  nu d re  r asreve l  .  
teL  L = ,100{  ,01   ,}111 b al a e n  revo egaug Σ= ,0{ 1}.  

LR si  a egaugnal  gnitsisnoc  fo  eht  eht fo slasrever  fo sgnirts  L.  
si tahT  LR = 1,10,001{ 1 .}1   

fI  L si  raluger  ew  nac  hs ow taht  LR si  al os  re ug al r  .  

oorP f.  

sA  L  si r  nac ti raluge be  denifed b na y  = M ,AF   ,Q( Σ , δ, q0, ,)F  gnivah  only eno  if n la  etats .  
fI  ereht  era  erom  naht  one ew ,setats lanif  u nac se �- snoitisnart  morf  eht  lanif  setats  iog ng  
ot  a nommoc  lanif  ats te  .  
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teL  ,AF  MR = Q( R, ΣR , δ R q, 0
R F, R) senifed  eht  egaugnal  LR,  

erehW  Q  R  ,Q = ΣR = Σ, q0
R F,F= R q= 0,  dna δR )a,p( -> ,q  ffi  δ )a,q(  -> p  

ecniS  MR si  elbavired  morf  ,M  LR si  osla  raluger  .  

ehT  foorp  eht seilpmi  of ll wo i gn  met oh d  
 

1. esreveR  lla  eht  tr tisna i sno .  
2. pawS  laitini  dna  lanif  ts at se .  
3. etaerC  a n we  s trats at et  0p  wi ht  isnart ti no  no  � ot  la l t eh   

gnitpecca  setats  of or lanigi  DFA  
 elpmaxE  

teL  *)b+a(=r  ba  enifed  a egaugnal  L. Th ta   si  
L = ,ba{  ,baa   ,baaa,bab ----- }. The AF  sa si  nevig   woleb  

 
 
 
 
 
 
 
 
 
 
 
 

ehT  AF  rof  LR nac  eb  devired  AF morf  rof   L b  y s if dna laitini gnippaw n ts la seta   dna  
gnignahc  eht  noitcerid  o  f hcae  ed eg . tI  si  nwohs  i  n eht  f gniwollof i ug re  .  
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msihpromomoH   

 
A gnirts  msihpromomoh  si  a noitcnuf  no  sgnirts  th ta  skrow  by gnitutitsbus  a rap it uc al r ts  gnir  

rof  hcae  s lobmy .  

meroehT  : fI  L si  uger a l revo egaugnal ra  bahpla e  t Σ, dna  oh a si h m msihpromo   no Σ, neht  h  
)L(  si  osla  raluger .  

Ex.  

ehT  noitcnuf  h ifed n de  by (h 0 ba=)  h c=)1(  si  a hom hpromo ism  .  

h deilppa  ot  eht  gnirts  00 011  is cbaba cab  
 

=1L  *)b+a(  a  *)b+a(  

 
 
 
 
 
 
 
 
 
 
 
 
 
h : ,a{  }b  ,0{  *}1   

 
 
 
 
 

gnitluseR   :  

1h ( )L  = 10(  ( 10 *)11 + 0 + 1  )11 *  

2h ( )L  = 101(  + *)010  101 )010 + 101( *  

3h ( )L  = 10(  + *)101  + 10( 10  )101 *  

 
omoH esrevnI m msihpro   

meroehT  : fI  h si  a moh o msihprom  morf  tebahpla  ,T tebahpla ot S  dna  L si  a re ug al  r  
egaugnal  revo  ,T  neht  h-1 ( )L  si  osla  uger a l  ra al ngu ega .  

teL.xE  L eb  eht  egaugnal  fo  raluger  noisserpxe  )1+00( *.  
teL  h eb  eht  hpromomoh i ms  denifed  by 10=)a(h  dna  01=)b(h . nehT  h-1( )L  is eht  gnal u ega  fo   

raluger  noisserpxe  )ab( *  .  
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4.3  seitreporp noisiced : segaugnal raluger fo   
1. si  eht  egaugnal  debircsed  ytpme ?  

2. sI  a ralucitrap  gnirts  w ni  eht  debircsed  ugnal a ?eg   

3. oD  owt  snoitpircsed  fo  a egaugnal  lautca ly ebircsed  eht  emas  al ngu ega ?  

sihT  noitseuq  si  netfo  dellac  ”ecnelaviuqe“  fo  segaugnal .  

trevnoC A gni m snoitatneserpeR gno   
gnitrevnoC  s’AFN  ot  s’AFD   

emiT  nekat  rof  rehtie  na  AFN  ro  - AFN  ot  AFD  nac  eb  ex laitnenop  ni  eht  rebmun  fo  setats   fo  
eht  .AFN  gnitupmoC  ε- erusolC  fo  n stat se  t seka  n(O 3) tim .e  noitatupmoC  fo  AFD   sekat  
n(O 3) emit  erehw  rebmun  fo  setats  of D AF  can eb  2n. ehT  innur ng emit  fo  AFN  ot  DFA  

noisrevnoc  gnidulcni  ε t noitisnar  is n(O 3 2n .)  ferehT o er  eht  dnuob  no  eht  gninnur  emit   si  
n(O 3 )s  erehw  s si  eht  nu rebm  fo  setats  eht  AFD  lautca l  y h sa .  

AFD  ot  AFN  isrevnoC on  

noisrevnoC  sekat  )n(O  ti em  rof  na  n etats  DFA.  

notamotuA  ot  ralugeR  noisserpxE  noisrevnoC   

roF  D AF  wh ere  n si   eht n noc ,setats fo rebmu v sre i no  n(O sekat 34n) by bus st ti noitu  met  doh  
dna  by st eta  noitanimile  dohtem  noisrevnoc  sekat  n(O 3) it em . fI  ew  trevnoc   AFD ot AFN na  
dna  neht  trevnoc  eht  AFD  ot  a raluger  ex noisserp  ti  t eka s t eh  t emi  n(O 34n32n)  

ralugeR  noisserpxE  ot  motuA a not  revnoC is on  

ralugeR  ex noisserp  ot  ε- AFN  at k se  raenil  emit  – )n(O  no  a raluger  ex noisserp  n htgnel fo .  
noisrevnoC  morf  ε- AFN  sekat AFN ot  n(O 3  ) t emi .  

gnitseT  ssenitpmE  fo  ralugeR  aL n egaug  s  

esoppuS  R si  raluger  ex ,noisserp  t eh n  

1. R = R1 + 2R . nehT  )R(L  si  pme ty fi  dna  no ly fi  htob  )1R(L  dna  pme era )2R(L ty  .  

2. =R  R1R2. nehT  )R(L  si  ytpme  fi  dna  no ly fi  rehtie  ro )1R(L  ytpme si )2R(L .  

3. *1R=R  nehT  )R(L  si  pme ton ty. wla tI a lcni sy u ael ta sed ts  ε  

4. )1R(=R  nehT  )R(L  si  pme ty fi  dna  no ly fi  )1R(L  si  pme ty ecnis  yeht  era  th  emas e  
augnal eg .  

 
gnitseT  ssenitpmE  fo  ugeR l ra  aL ngu sega   

esoppuS  R si  raluger  ex serp is ,no  eht n  

1. R = R1 + 2R . nehT  )R(L  si  pme ty fi  dna  no ly fi  htob  )1R(L  dna  pme era )2R(L ty  .  

2. =R  R1R2. nehT  )R(L  si  ytpme  fi  dna  no ly fi  rehtie  ro )1R(L  ytpme si )2R(L .  

3. )1R(=R * nehT  )R(L  si  pme ton ty. tI  la wa sy  cni l tsael ta sedu  ε  
 
 
 

tpeD  fo  TIBJS,ESC  egaP  50 



LF AT 5SC01 6  
 
 

4. )1R(=R  nehT  )R(L  si  pme ty fi  dna  no ly fi  )1R(L  si  pme ty ecnis  yeht  era  th  emas e  
augnal eg .  

gnitseT  pihsrebmeM  ni  a geR lu ra  aL n egaug   

neviG  a gnirts  w dna  a ralugeR  egaugnaL  ,L   w si in L.  

fI  L si  rper detnese  by a D ,AF   eht etalumis D p AF r t gnisseco h  gnirts e o tupni f  sym ob l  
,w  gninnigeb  ni  s trats tate. fI  AFD  sdne  ni  gnitpecca  etats  eht  rewsna  esle , ’seY‘ si  i  si t ’on‘ .  

sihT  tset  sekat  )n(O  time  

fI  eht  er p neser t noita  si  ,AFN  fi  w si  fo  el n htg  ,n  N AF  sah  ,setats s  nnur i gn  time fo  t  sih  
mhtirogla  si  sn(O 2)  

fI  eht  er p neser t noita  si  ε - ,AFN  ε - erusolc  h sa  ot  eb  ,detupmoc  neht  rp o ec s gnis   fo  
hcae  tupni  s lobmy  , a , sah  2 ,segats  hcihw fo hcae  s(O seriuqer 2) it me.  

fI  eht  er p neser t noita  fo  L si  a ralugeR  Ex noisserp  fo  ezis  ,s  ew  nac  c revno t ot  na  ε - 
AFN  htiw  tsomla  s2  ,setats  ni  )s(O  it em . noitalumiS  fo  eht  evoba  at k n(O se s2  ) it em  no   na  

tupni  fo w  htgnel  n  

 
 
 

5.3 noitaziminiM:  fo  atamotuA  ( dohteM  )1   

teL  p etats owt era q dna s in AFD . ruO  go la  p nehw dnatsrednu ot si  p( q dna  )q ≠   nac  
eb  decalper  by a elgnis  st eta .  

owT  setats  p na d q era  dias  ot  eb  ,elbahsiugnitsid  fi  ereht  si  ta  lea  ts eno  stri ,gn  ,w  su  hc  
taht  eno  fo  δ p( ^ , na )w d δ^ )w,q(  si  itpecca ng dna  eht  rehto  si  ton  ca c pe t gni .  

mhtiroglA  :1   

dronu lla tsiL e  riap der fo  ats t se  )q,p(  rof  hw i hc  p ≠ q. ekaM  a ecneuqes  fo  sessap   
hguorht  eht s sriap e . nO  tsrif  ,ssap  kram  hcae  riap  of hcihw  ex tca ly on ele e m si tne  in F. nO   

hcae  qesbus u tne  ,ssap  kram  any riap  )s,r(  fi  ereht  is na  a�∑ hw rof i hc  δ r( , )a  = ,p  δ )a,s(  = ,q   
dna  )q,p(  si  aerla dy dekram . retfA  a ssap  ni  hcihw  sriap wen on  a er  am dekr , pots . ehT   

dekram  riap  )q,p(  era  elbahsiugnitsid  .  

:selpmaxE  

1. teL  L = {�, a2, a4, a6, }.…  eb  a uger l ra  al ngua eg  revo  ∑ = }b,a{ . ehT  FA si   nwohs  
ni  giF  1  .  

 
 
 
 
 
 

giF  2. ig v se  eht   deredronu lla fo tsil p  fo sria ts at se  )q,p(  htiw  p ≠ q.  
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ehT  ob x se  )2,1(  dna  )3,2(  era  dekram  ni  eht  tsrif  p ssa  cca o gnidr  ot  eht  al og rithm 1.  

nI  p ssa  2 on  ob x se  era  m dekra  uaceb s ,e  δ )a,1(  φ and δ 3( , )a  2. tahT  is )3,1(  (φ ,)2,   
erehw  φ f non era 3 dna i an ts l at se .  

)b,1(�  φ  dna � )b,3(   φ. Th ta  si  )3,1(  (φ,φ ,)  erehw  φ si  non a -fi lan  ts ta e. sihT  lpmi i  se  
taht  )3,1(  era  tnelaviuqe  dna  nac  decalper  by a is n elg  etats  A  .  

 
 
 

giF  3. laminiM  atamotuA  idnopserroc ng ot  AF  ni  giF  1  
 
 

noitaziminiM  fo  tuA o atam  dohteM(  )2   
 
 
 
 
 
 

redisnoC  tes  }3,1{ . 3,1( ) ,1( dna )2,2( 3) (φ,φ). T sih  ats seilpmi te 1 dna  3  era  
tnelaviuqe  dna  nac  ton  eb  dedivid  rehtruf . sihT  ig v se  su  t ow  stat se  A,2 . ehT   si AF tnatluser  

nwohs  3 giF si  .  
 

elpmaxE  2. :)1dohteM(   
teL  =r  ,01*)1+0(  neht  )r(L  = ,011,01000,010,01{  --- }. ehT  AF  si  nevig  eb low  

 
 
 
 
 
 
 
 
 
 
 
 
 

gniwolloF  gif  swohs   deredronu lla p )q,p( sria  htiw  p ≠ q  
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ehT  sriap  ram k de  1 era  t esoh  fo  hcihw  ex tca ly one tnemele  si  ni  ;F  hT ey a er  dekram  no  p  ssa  
1. ehT  sriap  ram k de  2 era  esoht  dekram  no  eht  ces dno  ssap . roF  ex elpma  )2,5(  si  eno   ,eseht fo  

2,5( ecnis )  ,6( 4 ,)  dna  t eh  riap  )4,6(  saw  am dekr  no  ssap  1.  
morF  siht  ew  nac  ekam  o tu  taht  ,1  ,2  dna  4 eb nac   decalper b a y  is n elg  tats  e 21 4  dna  

setats  ,3  ,5  dna  7 nac  b  e r  decalpe b t y h s elgnis e t eta  753 . ehT  r tnatluse  laminim  AF  si  nwohs   
ni  giF . 6  

 
 
 
 
 
 
 
 

ehT  snoitisnart  fo  fig 4 era  deppam  ot  fig 6 sa  hs o nw  eb low  
 
 
 
 
 
 
 
 
 
 
 

elpmaxE  2. :)1dohteM(   
 
 
 
 
 
 
 

3,2( ) )6,4(  siht  seilpmi  taht  2 dna  3 oleb n sg  ot  id f tneref  puorg  h ecne  ht ey a er  ilps t in evel l  
2. ralimis ly ti  nac  eb  ylisae  nwohs  for eht  sriap  4( , )5  )7,1(  dna  )5,2(  dna  os  no .  
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TINU  4: 
noC t xe t F eer  arG mm ra  and langu ga se   

etnoC 1.4 rammarg eerf tx s  
 

 seert esrap 2.4  
 

 snoitacilppA 3.4  
 

a srammarg ni seitiugibma 4.4 n  segaugnal d  
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1.4 C : o rammarg eerf txetn   
 

etnoC xt eerF  rammarg  or ,FGC  G si  detneserper  by of ur stnenopmoc  taht  is ,T,V(=G P,S ,)   
erehw  V si  eht  tes  fo  ,selbairav  T eht  ,slanimret  P tes eht  fo  dorp uc it no  s dna   S eht  st ra t  

sy lobm .  
elpmaxE : ehT  rammarg  G lap  rof  ap l semordni  si  erper s detne  by  

Gp la  = {( P ,}1,0{,}  ,A  P)  
erehw  A er p eser n st  eht  tes  fo  vif e tcudorp i  sno  

1. P� 
2. P0  
3. P1  
4. P 0P0   
5. P P1 1 

 
noitavireD  gnisu  rammarG   

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 seert esrap :2.4  
esraP  seert  era  seert  delebal  by s slobmy  fo  a p tra i GFC raluc .  

:sevaeL  al b dele  by a ro lanimret  ε.  
roiretnI  :sedon  delebal  yb  a lbairav e  .  
nerdlihC  era  al b dele  by t eh  thgir  edis  o  f a  

noitcudorp  rof  t eh  pa ner t  .  
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:tooR  tsum  eb  delebal  yb  s eht at  tr  
sy lobm .  

 
 
 
 
 
 
 
 
xE am lp :e  aP sr e eerT   

 
 S -> SS  | )S(  | ()  

 
 
 
 
 
 
 
 
 
 
 

elpmaxE  :1  feL t tsom  D re i oitav n  
ehT  ecnerefni  taht  a * )00b+a(  si  ni  eht  egaugnal  fo  elbairav  E nac  be detcelfer  ni  a ired v noita   

fo  taht  ,gnirts  itrats ng iw th eht  gnirts  E. ereH  si  one hcus  ired va it :no   
 

E E * E   E * I  a * E   
a * )E(   a * E(  + )E   a * I(  + E)  a * (a + E)   
a * a(  +  )I  a * a(  + )0I   a * a(  + )00I   a * a(  + 00b  )  

 
tsomtfeL  D noitavire  - T er e  
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elpmaxE  :2  omthgiR st reD snoitavi   
ehT  noitavired  fo  Ex ma p el  1 saw  tca u la ly a tfel m so t red i av t noi . ,suhT  ew  nac   eht ebircsed  

emas   noitavired by:  
E E * E  E )E(*   E * E(  + )E    
E * E(  + I)  E * E(  I+ 0)  + E( * E  0I 0  ) E * E(  + )00b    
E * I(  + )00b   E * a(  + )00b   I * a(  + 0b 0)  a * a(  + b 00  )  

eW  nac  osla  ezirammus  eht  tsomtfel  noitavired  by iyas ng  
E  a * a(  + 0b 0 ,)  ro  ex sserp  lareves  spets  fo  eht   noitavired by ex snoisserp  s hcu  as E  *  
E  a * )E( .  
 

tsomthgiR  vireD a noit  - eerT   

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

erehT  si  a tsomthgir  red i noitav  taht  sesu  eht  emas  stnemecalper  rof  hcae  v ,elbaira  a tl oh u hg  i  t  
sekam  eht  stnemecalper  ni  tnereffid  redro . sihT  ri omthg ts  noitavired  i :s   

 
E  E * E  E * E( )  E * E(  + )E    
E * E(  + I)  E * E(  + )0I   E * E(  + )00I   )00b + E( * E   
E * (I + 0b )0   E * (a + )00b   I * (a + 0b 0)  a * a(  + 0b 0  )  

sihT  noitavired  swolla  su  ot  edulcnoc  E  a * (a + 00b  )  
 

redisnoC  eht  rammarG  rof  c*)b+a(gnirts   
EE + T | T  
T T * F | F  
F ( E ) | a b |   | c  

 
tsomtfeL  noitavireD   

ET *T F F*F  F*)E(  *)T+E( F )T+T( *F( F*)T+F   )T+a( *F  F*)F+a(   
 *)b+a( F  c*)b+a(  
 

tsomthgiR  red i av it  no  
ET *T FT*cF c*  E( *) c c*)T+E(  )F+E( *c  
(E+ *)b c c*)b+T(  *)b+F( c  c*)b+a(  
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2 elpmaxE :  
redisnoC  eht  rammarG  rof  gnirts  )a,a(   

S- )L(> |  a  
L- S,L> |  S  

 
tsomtfeL  noitavired   

S(L)(L )S,  ,S( S) S,a( ) a,a( )  
 

tsomthgiR  avireD it no   
S(L)(L )S, (L )a,  S( a, ) a,a( )  

 
ehT  egaugnaL  fo  a rG a amm r  

fI  )S,P,T,V(G  si  a ,GFC  eht  al n egaug  of ,G  detoned  by ,)G(L   eht si s te  fo  et r im an l  
sgnirts  taht  evah  snoitavired  morf  eht  trats  s lobmy .  

L( )G  = {w ni  T | S  w}  
 

laitnetneS  mroF s  
snoitavireD  orf  m eht  st tra  s obmy l ecudorp  irts n sg  taht  h eva  a sp laice  or le lac led “s tnetne ia  l  

smrof ”. tahT  si  fi  G = (V, ,T  ,P  )S  si  a ,GFC  t neh  any rts ing in V(  � *)T  s hcu  taht  S α si  a  
es laitnetn  mrof . fI  S α, neht  si  a tfel  – laitnetnes  ,mrof  dna  fi  S α , neht  si  a thgir  –  

laitnetnes  rof m. etoN  aht t eht  gnal u ega  )G(L  si  ht o es  aitnetnes  l  
smrof  taht  era  ni  ;*T  aht  t si  ht ey tsisnoc  elos ly fo  t animre ls.  

 
roF  ex ,elpma  E * I(  + )E  nes a si ecnis ,mrof laitnet  t ereh  is a deri av it  no  

E  E * E  E * )E(   E * E(  + )E   E * (I + )E   
revewoH  siht  noitavired  si  rehtien  tsomtfel  ron  ri ,tsomthg  ecnis  ta  eht  tsal  ,pets  eht  ddim le E  

calper si ed.  
sA  na  ex elpma  fo  a tfel  – laitnetnes  ,mrof  redisnoc  a * ,E  iw th t eh  l tsomtfe  tavired i no .  

E  E * E  I * E  a *  E  
,yllanoitiddA  eht  noitavired   

E  E * E  E * )E(   E * E(  + E)  
swohS  t ah t  

E * E(  + a si )E   thgir – se laitnetn  rof m.  

 
 
 

3.4 cilppA : a  txetnoC fo snoit – rammarG eerF s  

• resraP s  
• ehT  CCAY  P resra  G ne re at ro   
• pukraM  egaugnaL  s  
• LMX  dna  tnemucoD  t rpy  snoitinifed   

 
otareneG resraP CCAY ehT r  
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E E+E  | E*E  | (E di|)   
 

{%  edulcni#  >h.oidts<   
}%   

nekot%   di DI  
%%   

Exp : di  luser"( ftnirp ; 1$ = $$ { t is %d\n ,"  )1$ ;  }  
E | x E ’+‘ p xp $${  = 1$  + 3$ ;}  
E | x E ’*‘ p xp $${  = 1$  * 3$ ; }  

| E ‘(‘ x ’)‘ p  $${  = 2$ ; }  
;  

%%  
 

niam tni  ov( i )d   {  
nruter   ;) ( esrapyy  

 }  
diov  eyy r ror  rahc(   )s* {  

ftnirpf  ,rredts(  %" s\n ,"  )s ;  
 }  
{%   

edulcni#  "h.bat.y"   
}%   

%%  
0[ - ]9 + DI.lavlyy{  = yy(iota t ;)txe  nruter  };di   

[ \t \n] ;  
( * +[  )] nruter{  };]0[txetyy   

. ;OHCE{  rorreyy  detcepxenu"(  };)"retcarahc   
%%   

 
E ax mp el  2:  

{%   
edulcni#  >h.oidts<   

}%   
 trats% l  eni  
nekot%  >rebmun_a<  nu rebm   

epyt%  >rebmun_a<  pxe  mret  rotcaf   
%%   

: enil  ex ser"( ftnirp{ ';' p ul  t i  s d% \n ,"  $1);  }  
;  
exp : mret  $${  =  };1$  

| exp '+'  mret  $${  = 1$  + 3$ ;}  
| exp '-' mret  $${  = 1$  - $ };3   

$${ rotcaf : mret  = 1$ ;  }  
| ' mret *' tcaf o 1$ = $${ r  };3$ *  
| ' mret / $${ rotcaf '  1$ =  /  };3$  

;  
rotcaf  : rebmun  $${  $ = 1;  }  
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| '('  ' pxe ) $${ '  };2$ =  
;  
%%  

niam tni  ov( i )d   {  
nruter   ;) ( esrapyy  

 }  
diov  eyy r ror  rahc(   )s* {  

ftnirpf  ,rredts(  %" s\n ,"  )s ;  
 }  
{%   

edulcni#  "h.bat.y"   
}%   

%%  
0[ - +]9  yy{ l rebmun_a.lav  = yy(iota tex ;)t  er nrut  };rebmun  

[ \t\n]  ;  
[- ];)(/*+  nruter{  etyy x 0[t ] };   
. ;OHCE{  rorreyy  detcepxenu"(  };)"retcarahc   

%%   
 

raM k  segaugnaL pu  

 
 snoitcnuF  

gnitaerC•  sknil  neewteb  stnemucod   
ibircseD• ng eht  fo tamr  fo  eht  tnemucod   

 
 

axE mple  

ehT  sgnihT  I ah et   
1. ydloM  aerb d  
2. elpoeP  ohw  evird  oot  sl  wo  

nI  eht  tsaf  enal   
 

LMTH  ecruoS   
 

>P<  ehT  sgniht  I :>ME/<etah>ME<  
O< L>  

>IL<   daerb ydloM  
< elpoeP>IL  ohw  t evird o  o ls  wo  
nI  eht  tsaf  enal   

 >LO/<  
 

LMTH  rammarG   
ahC• r a | A | … 
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T• ext e | rahC  txeT   

oD• c e | elE m ne t coD   
nemelE• t txeT  |  

>ME<  coD  E/< M |>   
>p<  coD  |  

>LO<  tsiL  |>LO/<  …  
5. tsiL - etI m >IL<   coD  
6. siL t e | tsiL -It me  tsiL   tratS s bmy o  l  

 
 
 

fed epyt tnemucoD dna LMX ini it ons.  

1. A 2E,1E .  
ABC  
B 1E  
C 2E   

2. A 1E  | 2E  .  
A 1E   
A 2E   

3. A *)1E(   
A AB   
A  ε  
B 1E  

4. A  +)1E(  
A AB   
A  B  
B 1E  

5. A 1E( )  ?  
A  ε  
A 1E   

 
4.4 ytiugibmA:   

A etnoc xt – eerf  rammarg  G si  dias  ot  eb  ugibma o su  e ereht fi tsix s os me w � )G(L   sah hcihw  
ta  tsael  owt  tcnitsid  noitavired  seert . ,ylevitanretlA  gibma iu ty seilpmi  eht  ecnetsixe  fo  owt  ro   

erom  tfel  tsom  r ro i thg m so  t red i av it no s.  
 
E :x -  

redisnoC  eht  rammarg  )P,E,T,V(=G  htiw  ,}I,E{=V  c,b,a{=T , ,}),(,*,+  dna  p snoitcudor .  
EI  ,  
E E+E ,  
E *E E  ,  
E )E( ,  
I  c|b|a  
redisnoC  owt  noitavired  seert  for a + b * c  .  
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woN  suougibmanu  rammarg  rof  eht  evoba   
:elpmaxE   

E T ,T  F ,F I  , EE T ,T+  F*T ,  
F ,)E(  I  c|b|a  

 
tnerehnI  A gibm u yti   

 
A LFC  L si  dias  ot  eb  ni h tnere ly bma i suoug  fi  lla  sti  ammarg sr  are bma i ug o  su  

:elpmaxE   
redidnoC  eht  rammarG  rof  rts i gn  bbaa c dc d  

S BA  | C  
A bAa  | a  b  
B dBc  | cd  
C dCa  | Da  d  
D- cDb>  | cb   

 
esraP  eert  rof  gnirts  baa b dcc  d  
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INU T-5 
 

 ATAMOTUA NWOD HSUP  
 

 atamotua nwodhsup eht fo noitinifeD :1.5  
 

 segaugnal ehT :2.5 o DP a f A  
 

 GFC dna ADP fo ecnelaviuqE :3.5  
 

wodhsup citsinimreteD :4.5 n  atamotua  
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.5 1: noitinifeD  fo  odhsup wn atamotuA :  

 
giF sA . 1.5  a ,setacidni  p odhsu wn notamotua  stsisnoc  fo  eerht  stnenopmoc  : )1  na  i tupn   ,epat  

)2  a lortnoc  tinu  dna  )3  a st kca  erutcurts . The tupni  epat   stsisnoc  a fo il en ar fnoc igu ar it no   fo  
sllec  hcae  fo  hcihw  sniatnoc  a retcarahc  morf  na  tebahpla . sihT  epat  nac  eb  llec eno devom   ta  

a eht ot emit  l tfe . ehT  kcats  si  osla  a laitneuqes  erutcurts  taht  sah  a tsrif  le me tne  dna  sworg  ni   
rehtie  noitcerid  morf  eht  rehto  dne . artnoC ry ot  the epat  daeh  cossa i deta  wi ht  eht  i tupn  t ,epa   

eht  daeh  denoitisop  revo  eht  tnerruc  kcats  ele m tne  nac  daer  dna  w etir  ceps i la  kcats  carahc t sre   
morf  taht  isop it no . ehT  tnerruc  kcats  tnemele  si  alwa sy  eht  pot  tnemele  fo  t eh  ,kcats  eh n ec   

ht e eman  ''kcats`` . ehT  co lortn  tinu  sniatnoc  htob  epat  sdaeh  dna  sdnif  ti s le f ta  any tnemom  i  n  
a ralucitrap  etats  .  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

:1.5 erugiF  lautpecnoC  ledoM  fo  a nwodhsuP  Aut notamo   
 
 
A non( - )citsinimreted  f etini  etats  odhsup wn au mot a ot n detaiverbba(  DP  A ,ro  nehw   eht  

etnoc xt si  ,raelc  na  tua o )notam  si  a 7-t elpu  = (X, Z, 
 

• X = {x , ... , x } si  a fi etin  set fo  tupni  lobmys s. sA  ,evoba  ti  dellac osla si  an ebahpla t.  
ehT  ytpme  s lobmy  si  ton  a rebmem  fo  ht is es t. tI  ,seod  ,revewoh  rac ry sti  lausu   

gninaem  nehw  en deretnuoc  ni  eht  tupni .  
• Z  = {z , ...  z } fo tes etinif a si  setats .  

• = {s , ... , s } kcats fo tes etinif a si  sym lob s. esac siht nI  .  

• R (( X { })×Z× ) (× Z× )) si  eht  snart ti noi  er l noita .  
• z si  t eh  aitini l ats te.  
• S si  t eh  laitini  kcats  lobmys .  

• Z K si   dehsiugnitsid a s te  fo  anif  l ats t  se  

 
 
 
 

tpeD  fo  TIBJS,ESC  egaP  68 

, R, z , S , Z ), erehw   A A F 

1 m 
 
 
 
1 n 

 
1 p 

A 

A 

F 



LF AT 5SC01 6  
 
 

2.5 augnal ehT fo eg   ADP a  

 
erehT  era  owt  wa sy  ot  enifed  eht  al n egaug  fo  ADP a  (  

 
). esuaceb  ereht  era  owt  snoiton  fo  pecca t :ecna   

 
ecnatpeccA  yb  lanif  etats   

 
tahT  si  eht  ADP  stpecca  eht  drow  fi  ereht  si  any ecneuqes  fo  sDI  itrats n  morf g  

 
dna  ael gnid  ot  ehw , er  si  eno  fo  eht  lanif  ts at se . He er  ti   

t'nseod  lp ay a elor  wh ta  eht  ts eht fo stnetnoc a era kc  ta  eht  dne .  

 
nI  our ex eht elpma  P AD  dluow  tpecca  suaceb e  

 
dna  . ecneH  ew  edulcnoc  .  

 
nO  eht  rehto  dnah  ecnis  t ereh  si  on  ufsseccus l es q ecneu  fo  sDI  itrats ng iw t  h  

 
ew  taht wonk  .  

 
ecnatpeccA  yb  ytpme  st ca k  

 
tahT  si  eht  ADP  stpecca  eht  drow  fi  ereht  si  any ecneuqes  fo  sDI  itrats n  morf g  

 
dna  gnidael  ot  , ni  siht  etats lanif eht esac  pla sy  no elor .  

 
fI  ew  iceps fy a ADP  rof  ecnatpecca  by pme ty st kca  ew  lliw  evael  tuo  eht   lanif fo tes  

 
setats  dna  ju ts  use .  

 
 

ruO  ex elpma  ua t notamo  osla  skrow  fi  l ew e eva  out dna  esu   yb ecnatpecca  
tpme y kcats .  

 
eW  nac  wla a sy  nrut  a ADP  hcihw  esu  eno  ecnatpecca  dohtem  tni o eno  hw i hc  sesu  eht  rehto .  

,ecneH  htob  ecnatpecca  airetirc  iceps fy eht  emas  ssalc  fo  segaugnal .  
 
 
 
 
 
 
 
 
 

tpeD  fo  TIBJS,ESC  egaP  69 



LF AT 5SC01 6  

 
 
 

 ADP fo ecnelaviuqE:3.5 a  GFC dn  
 

ehT  mia  si  ot  evorp  taht  eht  gniwollof  ht r ee  sessalc  fo  gnal u sega  ra e s  :ema  
 

1. txetnoC  eerF  egaugnaL  denifed  by FC  G  
2. egaugnaL  detpecca  by P AD  yb  lanif  etats   
3. egaugnaL  detpecca  by P AD  yb  s ytpme t ca k  

 
tI  si  elbissop  ot  trevnoc  neewteb  any 3 sessalc . The noitatneserper  si  wohs  n ni  fi ug re 1  .  

 
 

ADP  b  y  
tpme y cats k 

 
 
 
 

giF u er  :1  elaviuqE n ec  fo  ADP  dna  GFC  

 
morF  GFC  ot  P :AD  

 
neviG  a C GF  G, ew  co tcurtsn  a ADP  P th ta  si setalum  eht  l tsomtfe  deri av t snoi  fo  .G  The  

kcats  s slobmy  fo  eht  wen  ADP  niatnoc  lla  eht  lanimret  dna  non - mret i an ls fo  eht  FC G.  erehT  
si  no ly eno  etats  ni  eht  wen  ;ADP  lla  eht  tser  fo  eht  noitamrofni  si  dedocne  ni  eht  kcats . tsoM   

snoitisnart  era  no  ,�  eno  rof  hcae  dorp u tc i .no  weN  snoitisnart  era  ,dedda  hcae  no e  
idnopserroc ng to slanimret  fo  G. roF  eve ry retni m etaide  nes t aitne l mrof  uA� ni  eht  l fe t som t  

noitavired  fo  w laitini( ly w = vu  rof  emos  ,)v  M lliw  evah  A� no  its ts kca  retfa  r idae ng u. At  
eht  dne  esac(  u = )w   eht s pme eb lliw kcat ty  .  

 
 

teL  G ,V( =  GFC a eb )S ,Q ,T . ehT  ADP  hw i hc  stpecca  )G(L  b pme y t si kcats y   nevig by:  

 
P = ,}q{(  ,T  V � ,T  δ, ,q  )S  erehw  δ si  defi den  by:  

 
1. roF  hcae  elbairav  A in edulc  a isnart t noi ,  

,q(δ  ,�  )A  =  ,q({ b) A |  si b �  a noitcudorp  fo  Q  }  
 

2. roF  hcae  lanimret  ,a  cni l edu  a tisnart i no   
,q(δ   ,q({ = )a ,a �  })  

 
 

GFC  ot  ADP  noisrevnoc  si  na rehto  way fo  rtsnoc u gnitc  ADP . tsriF  rtsnoc u tc  ,GFC  dna  eht n  
trevnoc  GFC  ot  ADP  .  
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:elpmaxE   
 

trevnoC  eht  rammarg  htiw  gniwollof  noitcudorp  ot  ADP  detpecca  by pme ty kcats  :  
 

S � 1S0  | A  
A � 0A1  | S | �  

 
 

tuloS i  :no  
 

P ,)S ,q ,δ ,}S ,A ,1 ,0{ ,}1 ,0{ ,}q{( =  erehw  δ i  s gi nev  by:  
 

,q(δ  ,�  )S  = ,)1S0 ,q({  (q, )A }  
,q(δ  ,�   ,q({ = )A 1  ,)0A ( ,q  S ,)  ,q(   })�  

,q(δ  ,0  )0  = ,q({  �)}  
,q(δ  ,1  )1  = ,q({  �)}  

 
morF  ADP  ot  :GFC   

 
teL  P = ,Q(  ,Σ  ,Γ  q ,δ 0, Z0  a eb ) P AD . nA  aviuqe l tne  GFC  si  G = ,V(  ,Σ  R, S ,)  rehw e  

V = ,S{  qXp[ ] ,}  erehw  ,p   q � Q dna  X  � ,Γ  dorp u snoitc  fo  R noc tsis s  fo  
 

1. roF  lla  setats  ,p  G h sa  pr snoitcudo  S [ � q0Z0  ]p  
2. teL  )X,a,q(δ  = ,r({  Y1Y2 Y… k })  erehw  a � Σ ro  a = ,�  k nac  eb  0 ro  any ebmun r  

na d r1r2 r… k era  tsil  fo  s etat s. dorp sah G uc it no s  
 
 

rXq[ k] � Yr[a 1r1] r[ 1Y2r2] … r[ k-1Ykrk]  
 

fI  k = 0 neht  [ rXq ] a�   
 

:elpmaxE   
 
 

tcurtsnoC  ADP  ot  tpecca  fi - esle  fo  a C margorp  dna  trevnoc  ti  ot  GFC . sihT(  seod  ton   tpecca  
fi  – fi  – esle - esle  )stnemetats .  

 
teL  eht  PDA P = ,}q{(  i{  , ,}e  X{ , ,δ ,}Z  ,q  w ,)Z h  nevig si δ ere by:  

 
,q(δ  ,i  )Z  = ,q({  X ,})Z  δ )X ,e ,q(   ,q({ = dna })�  δ  ,q( ,�  )Z  = ,q({   })�  

 
S tulo i no :  
 

tnelaviuqE  snoitcudorp  :era   
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S � [ ]qZq   
]qZq[  � q[i ]qZq[]qX  
 ]qXq[ �  e  
 ]qZq[  � �  

 
fI  ]qZq[  si  demaner  ot  A dna  qXq[  ] si  demaner  ot  ,B  neht  eht  GFC  nac  be d denife  by:  

 
G ,i{ ,}B ,A ,S{( =   ,}e {S ABi�A ,A�  | �, B e � ,}  S  )  

 
 

:elpmaxE   
trevnoC  ADP  ot  C GF . ADP  si  nevig  by P = ,p{( q ,}  ,}1,0{  ,}Z,X{  ,δ  ,q  ))Z  , T snar i  noit  

 
noitcnuf  denifed si δ  b :y  

 
 

,1 ,q(δ   = )Z { )ZX ,q( }  
,q(δ  ,1  )X  = { ,q(  )XX }  
,q(δ  ,�   ,q({ = )X �)}  
,q(δ  ,0  )X  = { ,p(  )X }  
,p(δ  ,1  )X  = { ,p(  �)}  
,p(δ  ,0  )Z  = { ,q(  )Z }  

 
tuloS i  :no  

 
ddA  snoitcudorp  rof  rats t rav i ba el   

S  | ]qZq[ � q[ pZ ]  
 

roF  q(δ ,1 ,  ,q({ =)Z  X )Z }  
]qZq[  � ]qZq[]qXq[1   
]qZq[  � ]qZp[]pXq[1   
]pZq[  � ]pZq[]qXq[1   
]pZq[  � ]pZp[]pXq[1   

 
roF  ,q(δ  ,1   =)X { ,q(  XX )  }  

]qXq[  � ]qXq[]qXq[1   
]qXq[  � ]qXp[]pXq[1   
]pXq[  � ]pXq[]qXq[1   
]pXq[  � ]pXp[]pXq[1   

 
roF   ,q(δ  ,� X) = ,q({  �)  }  

 ]qXq[  � �  
 

roF  ,0 ,q(δ   = )X { ,p(  })X  
]qXq[  �  ]qXp[0  
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]pXq[  �  ]pXp[0  
 

,1 ,p(δ roF   = )X { ,p(  )� }  
]pXp[  �  1  

 
,0 ,p(δ roF  ,q({ = )Z  })Z  

]qZp[  � ]qZq[0   
]pZp[  � ]pZq[0   

 
gnimaneR  eht  selbairav  qZq[ ] ot  ,A  ]pZq[  ot  ,B  qZp[ ] ot  ,C  [ pZp ] ot  ,D  qXq[ ] to E [ pXq ]  ot  

,F  pXp[  ] ot  G dna  ]qXp[  ot  FC tnelaviuqe eht ,H G nac  eb  d fe i den  by:  
 

G = ,S{(  ,A  ,B  C, ,D  ,E  F, ,G  ,}H  ,}1,0{  ,R  S .)  ehT  snoitcudorp  fo  R osla  are ot  be  
demaner  ylgnidrocca .  

 
 

:4.5 inimreteD s DP cit A  

ADPN  sedivorp  non -d msinimrete  ot  P AD . citsinimreteD  s’ADP  )ADPD(  era  very lufesu  of r  
esu  ni  gnimmargorp  lan egaug s. For ex elpma  sresraP  desu  ni  AY CC  era  DP ’AD s  .  

 
eD f :noitini   

 
A ADP  =P  ,Q(  ,Σ  ,Γ  ,δ  q0, Z0, )F  si  ted e nimr i ts ic if dna  no ly if,  

)X,a,q(δ.1  h sa  ta  f rebmem eno tsom o q r ,Q�  a � Σ ro  =a  � dna  X�Γ  
2. fI  a,q(δ , )X  si  ton  ytpme  for emos  a� ,Σ  neht  δ(q  , tsum )X,�  eb  pme t  y  

 
ADPD  si  ssel  ufrewop  l t nah  nP AD . ehT  txetnoC  eerF  segaugnaL  luoc d eb  cer o dezing  by  

 
nPDA. ehT  ssalc  fo  al n egaug  ADPD  tpecca  si  ni  neewteb  naht  of ralugeR  gnal ua eg  dna   
 

FC L. ADPN  nac  be noc s detcurt  rof  gnitpecca  lan egaug  fo  ordnilap m ,se  tub  ton  by ADPD .  
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:elpmaxE   
tcurtsnoC  ADPD  hcihw  stpecca  al eht n egaug  L = wcw{ R  w | c ,*}b ,a{ �   � }Σ .  

 
 

ehT  noitisnart  margaid  for eht  ADPD  si  ig v ne  in fi ug re 2  .  

 
 

,0  Z0 Z0/ 0 

,1  Z0 Z1/ 0 
0/0,0 0 
1/1,1 1 

/1,0  01 
/0,1  10 

q0 
 

erugiF  :2  ADPD  L = wcw{ }R  

 
 

ADPD  dna  ralugeR  Langu :sega   
 

ehT  ssalc  fo  al n segaug  ADPD  stpecca  si  ni  neewteb  r raluge  al ngu ega s dna  .sLFC  ehT   
ADPD  al n egaug s ulcni de lla  raluger  al ng au seg . ehT  owt  sedom  of ecca p ecnat  era  on t s ma e  

ADPD rof .  
 

oT  tpecca  htiw  lanif  ts a et :  
 
fI  L si  a raluger  al ngu ,ega  L=L )P(  rof  emos  ADPD  .P  ADP  erus ly lcni u sed  a ,kcats  tub  t  eh  

ADPD  desu  ot  etalumis  a raluger  gnal u ega  seod  ton  esu  t eh  st .kca  ehT  kcats  si   evitcani  
awla ys. fI  A si  eht  AF  for itpecca ng eht  al n egaug  ,L  th ne  δP q( ,a, =)Z { p( ,Z)} rof  a ll  ,p  q � Q  
hcus  taht  δA p=)a,q(  .  

 
 

oT  tpecca  htiw  ytpme  :kcats   
 

evE ry raluger  gnal u ega  is ton  )P(N  rof  emos  ADPD  P. A egaugnal  L = )P(N  rof  emos   ADPD  
P fi  dna  no ly fi  L h sa  pr ife x reporp t .y  noitinifeD  fo  xiferp  reporp ty fo  L st ta se  taht  fi  x, y �  

,L  neht  x dluohs  ton  eb  a iferp x fo  ,y  ro  eciv  rev s .a  noN - ralugeR  egaugnal  WcW=L R dluoc   
eb  detpecca  yb  ADPD  htiw  ytpme  ,kcats  esuaceb  fi  uoy  ekat  any ,x  y� WcW(L R ,)  x dna   y  

yfsitas  eht  xiferp  reporp ty. tuB  the al ngu ega , =L { }*0  dluoc  be detpecca  by DP AD  with anif l  
,etats  tub  ton  htiw  ytpme  st ,kca  b esuace  irts ngs fo  siht  al ngu ega  do on t sitas fy ht e rp e  xif  

treporp y. oS  )P(N  era  reporp ly in dedulc   ni FC L ,L  ei . )P(N  � L  
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ADPD  dna  A suougibm  rg a ramm  :  
 

ADPD  si  yrev  tnatropmi  ot  ngised  fo  argorp m gnim  gnal u sega  esuaceb  segaugnal  DPD A  
tpecca  era  bmanu i uoug s .srammarg  tuB  lla  suougibmanu  srammarg  era  ton  detpecca  b  y  

DPD A. For ex elpma  S � S0 0 S1| 1| � si  an suougibmanu  ammarg r dnopserroc s ot  t  eh  
egaugnal  fo  semordnilap . sihT  si  egaugnal  si  detpecca  yb  no ly ADPn . fI  L = )P(N  rof  DPD A  

,P  neht  erus ly L h sa  suougibmanu  GFC .  

 
fI  L = )P(L  rof  ADPD  ,P  neht  L sah  bmanu i suoug  GFC . oT  trevnoc  )P(L  t  o ot )P(N   evah  

 
xiferp  reporp ty by idda n na g  ram dne k  re rts ot $ i fo sgn  L. Th ne  noc v tre  )P(N  ot  GFC  ’G .  

 
morF  ’G  ew  ah ve ot  noc s tcurt  G ot  tpecca  L by eg t gnit  dir  fo  dda oS. $   a en w cudorp t  noi  

 
$ ��  sa  a  elbairav o G f .  
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nU it- :6   
 

RP PO SEITRE  FO  ETNOC XT EERF  NAL G AU GES  

 SGFC rof smrof lamroN 1.6  
 

f ammel gnipmup ehT2.6 o  SGFC r  
 

 seitreporp erusolc3.6 o  SLFC f  
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ehT  go la  si  ot  ekat  na  ra b arti ry etnoC xt eerF  arG m ram  G  = (  ,T ,V P, S) dna   mrofrep  
snoitamrofsnart  no  eht  rammarg  taht  erp s evre  the gnal u ega  eneg r deta  by eht  rammarg  tub   

hcaer  a cificeps  of rm ta  rof  eht  snoitcudorp . A GFC  nac  eb  deifilpmis  by el tanimi i  gn  
 
6.1 N ro am l rof ms of r FC SG   
 

woH   ot sim  ?yfilp  

• ilpmiS fy GFC  by gnitanimile   

– sselesU  lobmys  s  

• esohT  selbairav  ro  ret m slani  taht  od  ton  raeppa  in any deri av it no  fo  a termi an l ts  gnir  

ats gnitr  morf  tratS  airav b el   

– �� - cudorp it no s  

• A si A erehw ,��  a var  elbai  

– tinU  noitcudorp   

• A dna A ,B�   era B v ra i ba l  se  

• ecneuqeS  eb ot  of ll wo e  d  

1. etanimilE  �� - snoitcudorp  orf m G dna  bo t nia   1G  

2. etanimilE  tinu  snoitcudorp  morf  1G  dna  niatbo  2G   

3. etanimilE  sselesu  sym slob  morf  dna2G  atbo in 3G   

1. lE i im n ta e u seles s sym ob ls:  

eD fin ti io :n  S lobmy  X si  lufesu  rof  a rammarg  G = ,V(  ,T  ,P  )S  fi  ereht  si  S *� �X� *  ,w�  
w� *� . fI  X si  ton  ufesu l si ti neht ,  esu l sse .  

gnittimO  sselesu  slobmys  morf  a marg ram  seod  n to  ahc n eg  eht  al ngu ega  areneg te  d  
 
•  elpmaxE  

 
 
 
 
 
 
• S su si X lobmy e uf  l fi  b  hto  

– eg si X n itare n  g  

• fI  X *� erehw,w  w�T*  

– caer si X h lba e  

• fI  S *� �X� 
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meroehT • :  

– teL  )S,P,T,V(=G  eb  a GFC  dna  emussa  taht  )G(L ,��  neht  1T,1V(=1G , ,1P S) eb  a gra amm r  

tuohtiw  sselesu  s slobmy   yb  

1. gnitanimilE  non  gnitareneg  s slobmy   

2. gnitanimilE  slobmys  taht  era  non  elbahcaer   

• noitanimilE  1 fo redro eht ni  of ll dewo  by 2  

1. lE i im n gnita  non  gene gnitar  sy obm sl   
 

gnitareneG  s slobmy  llof ow ot  eno  fo  eht  tac e seirog  :woleb   
 
 

1. evE ry s lobmy  fo  T si  gnitareneg   

2. fI  A aerla si � dna � � dy eg n itare n ,g  neht  A si  areneg it n  g  
 
 

noN - gnitareneg  slobmys  = V- gnitareneg  s slobmy .  

 
• Ex elpma   S : A ,a|BA�  �  a  

– dewollof 1  b 2 y  S sevig  �  a�  

–  dewollof 2 b 1 y   S sevig � ,a�  A  a�  

 si A • ts lli   sselesu  

• toN  etelpmoc ly lla  sselesu  s slobmy  etanimile  d  

• etanimilE  non  gnitareneg  s slobmy   

– evE ry s lobmy  fo   gnitareneg si T  

– fI  A dna���  si��  aerla dy ,gnitareneg  neht  A is nitareneg g  

•  elpmaxE  

1. =G  ,}B,A,S{(  { ,}a  S ,a|BA�  A � ,}a  )S  ereh  B si  tareneg non i gn  symb  lo  

retfA  itanimile ng ,B  G1= ,}A,S{(  ,}a{  S{  � ,a  A � ,}a S)  

2. S ,C|A|Sa�  A ,a�  B  bCa� C ,aa�  

retfA  itanimile ng C ,steg  S ,A|Sa�  A ,a�   B a� a  

2. lE i im n eta  sy slobm  t tah  are non caer h lba e  

– warD  nedneped cy arg ph rof  lla  noitcudorp  s  
 

C D 
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C yDx�   

– fI  on  egde  ihcaer ng  a v X elbaira  ratS morf t  

,lobmys  X si  non  ahcaer b el   

•  elpmaxE  

1. =G  ,}A,S{(   S{ ,}a{ ,a�  A � ,}a S  )  
 

S A 
 

retfA  itanimile ng ,A  =1G  ,}S{(  ,}a{  S{  � ,}a S)  

2. S ,a� A ,A|Sa�  B a�  a  

retfA  itanimile ng ,B  S �aS ,A|  A  a�  
 
 
 
 
 
•  elpmaxE  

– S BA�  ,AC |   B B� C  A ,BA| C ,a�  �AB|b  

1. etanimilE  non  eg n tare i gn  s slobmy  1V  = ,C,A{ S} 1P  = {S �C ,A  A ,a�  C �b } 

2. etanimilE  s slobmy  taht  era  non  r elbahcae   

 
 
 
 

2V  ,A{ = C,S} 

2P   S{ = � C� ,A  A � ,a  C  b�  

sesicrexE   

• etanimilE  sselesu  s my b slo  morf  eht  ammarg  r  

1. =P  S{  ,aAa�  A S� b|b ,CC   C ,bba�  E a� C} 

2. =P  S{  ,CB|aBa�  A a� C C,CCB|  ,a�  B �b ,cc  D ,E�  E d�   }  

3.  S{ =P b� A ,aAa� BB , B � ,ba   C Ba�  }  

4. =P  S{  ,BA|Sa�  A AA�B,Ab�  } 

 
 
 

ilE m etani  �� - oitcudorp ns  

• tsoM  smeroeht  dna  em t sdoh  tuoba  srammarg  G emussa  )G(L  do se  ton  contain �  
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• Ex :elpma  G htiw  �� - cudorp it no  s  

S  ,ABA  A Aa  | ,�  B  Bb  | � 

ehT  erudecorp  ot  dnif  uo  t na  tnelaviuqe  G wi ht  uo  t �- cudorp t snoi   
 

1. dniF  elballun  bairav le  s  
2. ddA  snoitcudorp  htiw  elballun  selbairav  rem devo .  
3. evomeR  �- snoitcudorp  dna  setacilpud   

:1 petS  dniF  tes  elballun fo  rav i ba l  se  
 

balluN le airav lb se : selbairaV  taht  ac n eb  decalper  by un ll ( .)�  fI  A � neht  A is  a  
elballun  elbairav .  

 
In eht  gr ramma  htiw  rp o snoitcud  S � ,ABA  A � Aa  | ,�  B � bB | ,�  A is un ll ba le eb c ua se  
fo  eht  noitcudorp  A � �. B si  elballun  uaceb se fo  eht  noitcudorp  B � .�  S si  un  elball  

esuaceb  htob  A dna  B elballun era .  
 

petS  :1  mhtiroglA  ot  dnif  elballun  elbairav s  

:V  tes  fo   selbairav  

0N   A{  | A ni  ,V  dorp uc it no  A  �  }  

eper a  t  

iN   Ni-1U{A| A ni  ,V  A α, α ni  Ni-1}  

litnu  Ni = Ni-  1  

• St pe  :2  roF  hcae  dorp uct noi  fo  eht  mrof  A ,w��  etaerc  lla  elbissop  dorp u snoitc  fo  eht  mrof   

A ,’w��  erehw  ’w  si  deniatbo  morf  w by mer o gniv  eno  ro  erom  cco urr secne  fo  lballun e  

selbairav   

•  :elpmaxE  

 S ABA  | AB  | AA  | BA  | A | B | �  

A  Aa  | |��  a  

 B Bb  | ��| b  

• petS  :3  ehT  erised d rammarg  stsisnoc  fo  eht  ro i lanig  dorp u snoitc  tegot h re  htiw  ht e  

snoitcudorp  detcurtsnoc  in pets  ,2  sunim  any orp d snoitcu  fo  t eh  mrof  A �� 

•  :elpmaxE  

 S ABA  | AB  | AA  | BA  | A | B  

A  Aa   a |  

 B Bb  | b  

BORP L :ME  
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G = B,A,S{( , { ,}a{ ,}D  S  ,BA|Sa  A  ,��  B ,�  D  ,}b S)  

 • S tulo i  :no  

elballuN  selbairav  = ,S{  ,A  }B  

weN  teS  fo  dorp u :snoitc   

 S Sa  |  a  

 S BA  | A | B  

D b  

=1G  ,}D,B,S{(  { ,}a   { S  ,B|A|BA|a|Sa  D  ,}b  S)  

• etanimilE  �� - snoitcudorp  morf  t eh  arg mm ar  

animilE  noitcudorp tinu et  

 :noitinifeD  
• tinU  noitcudorp  si  A mrof fo  A ,B��  dna  B a er  rav i ba les  

tinU  snoitcudorp  dluoc  etacilpmoc  niatrec  oorp fs dna  yeht  osla  ecudortni  ex art  spets  int  o  
 

snoitavired  taht  lacinhcet ly deen  ton  eb  ereht . The al mhtirog  rof  nimile gnita  tinu  noitcudorp s  
 

morf  eht  tes  fo  dorp u noitc  P is nevig  woleb :  

 
htiroglA • m  

1. ddA  lla  non  tinu  cudorp it no  s ot  P1 

2. roF  hcae  tinu  dorp u noitc  A ,B��  dda  ot  P1 la l cudorp it no s A �� �, w ereh  B �� �� is a  

non - tinu  cudorp it no  ni  P.  

3. eteleD  lla  eht  nu ti  orp d snoitcu   
 
 
Ex elpma  :)1(  redisnoC  eht  rammarg  iw th cudorp t noi   

 S ABA  | AB  | AA  | BA  | A | B  

A Aa   a |  

 B Bb  |  b  

tuloS i no :  

– tinU  snoitcudorp   era S  ,A  SB  

– A dna  B  elbavired era  

– ddA  snoitcudorp  morf  elbavired   

S ABA  | AB  | AA  | BA  | A | B | Aa  | a | bB |  b  
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A  Aa  |  a  

B  Bb  | b  

– evomeR  tinu  cudorp t snoi   

S  ABA  | AB  | AA  | BA  | Aa  | a | Bb  |  b  

A  Aa  |  a  

B  Bb  | b  

Ex :)2( elpma   S aA  | ,B  A a | cb  | ,B  B  A |  bb  

noituloS  – tinU  udorp ct snoi  ra  e  

 S ,B  A  ,B   B ,A  A dna  B era  d re i bav el   

– ddA  snoitcudorp  morf  elbavired  dna  etanimile  u tin  cudorp it no  s  

 S bb  | a |  cb  

A  |a  cb  | bb  

 B bb  | a | b  c  

elpmaxE  )3(  : etanimilE  sselesu  ,slobmys  �� - snoitcudorp  dna  tinu  dorp u oitc ns f mor   S  

 a | ,C|B|Aa  A  aB| ,�  B  ,Aa  C  ,DCc  D  dd  d  

luoS u oit n– etanimilE  �� - snoitcudorp   

elballuN  = }A{  

P1 = {  S ,C|B|Aa|a  A  ,Ba  B  aA ,a|  C  Cc ,D  D  }ddd   

--  etanimilE  inu t snoitcudorp   

tinU  tcudorp i sno  S :  ,B  S C elbavireD  bairav l B:se   C &  

P2 = {S  |Aa|a  ,DCc  A  ,Ba  B  aA ,a|  C  Cc ,D  D }ddd  

– etanimilE  sselesu  s my b slo   

• retfA  etanimile  non  gnitareneg  s lobmy  s  

P3 = {S  ,Aa|a  A  Ba , B  aA|a, D → }ddd  

• retfA  etanimile  s obmy ls taht  era  non  caer h elba   

 
S A B  D  

 
P4 = {S  ,Aa|a   A --  ,Ba>  B -- a> A }a|  

• oS  eht  tnelaviuqe  arg m ram  1G  = A,S{( , ,}B  ,}a{  S{  -- ,Aa|a>  A -- ,Ba>   B -- a> A ,}a|  S)  

 
mmarG deifilpmiS a  :r  
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fI  oy u evah  ot  eg t a arg m ram  tuohtiw  � - dorp u ,snoitc  sselesu  s lobmy s na d nu ti  snoitcudorp ,  

wollof  eht  ecneuqes  nevig  :woleb   
 

etanimilE  � - snoitcudorp  morf  G dna  bo t nia  G1  
etanimilE  tinu  snoitcudorp  morf  G1 dna  bo t nia  G  2  

etanimilE  sselesu  s obmy ls morf  G2 dna  niatbo  G3  

 
yksmohC  lamroN  mroF  C( NF  )  

• evE ry pmenon ty LFC  tuohtiw  ,�  sah  a gr mma ra  htiw  snoitcudorp  fo  eht  mrof   

1. A -- > ,A erehw ,CB  B,  C ��  V  

2. A -- > ,a  erehw   A �� a dna V  ��T  

•  :mhtiroglA  

1. etanimilE  sselesu  sym ,slob  �� - snoitcudorp  dna  tinu  snoitcudorp  morf  eht  ammarg r  

2. noitanimilE  fo  slanimret  no  RHS fo  a tcudorp i  no  

)a  ddA  lla  dorp u snoitc  fo   A mrof eht -- > A ro CB  -- a >  to P1  

)b  redisnoC  a dorp u noitc  A -- >X1X2 X… n iw th emos  ret im an ls fo  HR S. fI  Xi si  a lanimret  sa  y  

ai, neht  dda  a wen  elbairav  C ia  ot  V1 dna  a wen  noitcudorp  C ia  -- ia>  to P1. ecalpeR  iX  ni   A  

noitcudorp  fo  P by C ia  

)c  redisnoC  A -- X> 1X2 X… n, erehw  n 3�  dna  a ll  Xi‘s ra e  

lbairav es. ecudortnI  wen  snoitcudorp  A -- ,1C1X>   

C1 -- X> 2C2, … , Cn-2 -- X> n-1Xn ot  P1 dna  C1, C2, … C, n-2 ot  V1  

elpmaxE  4( ): trevnoC  to C FN :  

S -- ,DAa>   A -- Ba >  b | A B ,B  -- ,b>   D -- >d  

loS u oit n – eht yfilpmiS :1petS  ammarg r  

• aerla dy deifilpmis   

– :a2petS  noitanimilE  fo  mret i slan  no  R SH   

S -- DAa>  ot  S --> Ca DA , Ca -- >a  

A -- Ba>  ot  A -- > CaB  

A -- BAb>  ot  A --> CbAB, Cb -- b>   

– :b2petS  ecudeR  SHR  wi ht  2 elbairav s  

S -- > Ca DA  ot  S -- > CaC1, C1 -- DA>   

A -- > Cb BA  ot  A -- > CbC2, C2 -- BA>   

• rammarG  detrevnoc  ot   :FNC  
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B,A,S{(=1G , C,D a C, b C, 1 C, 2 ,}  ,}b,a{   

S{  -- > CaC1 A,  -- > Ca |B  CbC2, Ca -- ,a>  Cb -- ,b>  C1 -- ,DA>  C2 -- >A ,}B  )S   

5( elpmaxE ): trevnoC  to  S{=P:FNC -- A> SB |  A ,� -- > SAa  | ,a   B -- SbS>  A |  | }bb  

loS u oit n: – :1petS  yfilpmiS  eht  rammarg   

• etanimilE  �� - snoitcudorp  S(  -- >�)  

P1 S{=  -- ,BA|BSA>  A -- ,a|Aa|SAa>  B -- bS> S }bb|A|b|Sb|bS|  

• etanimilE  tinu  noitcudorp s B( -- A>  )  

P2 S{=  -- ,BA|BSA>  A -- ,a|Aa|SAa>  B -- |b|Sb|bS|SbS> Aa|bb S }a|Aa|  

• etanimilE  sselesu  s my b :slo  on  sselesu  sym slob   

– :2petS  trevnoC  to C  FN  

P3 S{=  -- CA> 1 ,BA|  A -- > CaC2 C| a ,a|A  B -- CS> 3 | SCb | CbS | b | CbCb| CaC2 C| a |A a, Ca --  

,a>  Cb -- ,b>  C1 -- ,BS>  C2 -- ,SA>  C3 -- > CbS }  
 
 

sicrexE e  :s  

 trevnoC • to C FN :  

1. S -- b|aa|b|a|bSb|aSa> b  

2. S -- ,Ba|Ab>  A -- a|AAb> S ,a|  B -- b|BBa> S b|   

3. S -- ,abA>  A -- ,baa>  B --  CA>  

4. S -- ,BB|1B1|0A0>  A -- ,C>  B -- >S ,A|  C -- >S| � 

5. S -- |bBb|aAa>  ,�  A -- ,a|C>  B -- >C ,b|  C -- C> ED | ,�  D -- >A|B a|  b  
 
 

:2.6 nipmuP ehT g LFC rof ammeL   

ehT  gnipmup  ammel  of r raluger  l segaugna  setats  taht  eve ry su tneiciff ly ol ng irts ng in a  
raluger  al n egaug  noc t snia  a rohs t bus - irts ng taht  nac  be up m dep . tahT  ,si  gnitresni  sa  am n  y  

seipoc  fo  eht  bus - gnirts  sa  ew  ekil  wla a sy  sdleiy  a gnirts  ni  eht  uger l al ra n egaug .  
 

ehT  gnipmup  ammel  for CFL’s setats  taht  ereht  era  wla a sy  owt  rohs t bus - sgnirts   esolc  
rehtegot  taht  nac  be re ,detaep  htob  eht  emas  un m reb  fo  it m ,se  sa  fo t ne  sa  ew  il ek  .  

 
roF  ,elpmaxe  redisnoc   a  
LFC  a{=L nbn | n � }1 . tnelaviuqE  FNC  rammarg  si  gnivah  p dor snoitcu  S � CA  | A ,B  A � 

,a  B � ,b  C � SB. ehT  p esra  eert  rof  the gnirts  a4b  4  

si  nevig  ni  erugif  1. oB th tsomtfel  noitavired  dna  tsomthgir  noitavired  evah  emas  esrap  ert e  
esuaceb  eht  rammarg  si  suougibmanu  .  
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� 
 
 
 
 
 
 
 
 
 
 
 
 

erugiF  :2  dednetxE  esraP  eert   rof  
4 4 

 
erugiF  : esraP  eert  rof  a4b4  

 
 

dnetxE  eht  eert  by gnitacilpud  eht  slanimret  eneg r deta  ta  hcae  el v le  no  lla  rewol  slevel . hT e  
ex dednet  esrap  eert  rof  the gnirts  a4b4  

si  nevig  ni  erugif  .2  ebmuN r fo  s slobmy  ta  cae h level  si  ta  tsom  eciwt  fo  suoiverp  l .leve  1  
slobmys  ta  level  ,0  2 slobmys  ta  ,1  4 s slobmy  ta  2 2… i s slobmy  ta  level  .i  oT  evah  2n  

s slobmy  ta  mottob  ,level  eert  tsum  eb  ivah ng ta  tsael  htped  fo  n dna  level fo  ta  tsael  1+n .  
 

L gnipmuP eroehT amme m  :  
teL  L LFC a eb . nehT  ereht  ex stsi  a tnatsnoc  k� 0 hcus  taht  fi  z a si n irts y n ni g  L hcus  aht t |z  |  

 
� ,k  nac ew neht  wvu = z etirw x  y s hcu  t ah t  

 
1. wv| x| � k t( h ta  ,si  si noitrop elddim eht  ton  oot  l )gno .  
2. vx � � ecnis(  v dna  x era  eht  ip sece  ot  eb  ,”depmup“  ta  tsael  eno  fo  t eh  st sgnir  we  

pmup  tsum  ton  eb  pme t )y .  
3. roF  lla  i � ,0  vu i xw iy si  in L  .  

 
P  :foor  
 

ehT  esrap  eert  rof  a rammarg  G ni  FNC  lliw  eb  a anib ry .eert  teL  k = 2 1+n , erehw  n si  t eh   
rebmun  fo  rav i ba l se  of .G  esoppuS  z� G(L ) and |z| � k. Any rap se eert  rof  z tsum  eb  fo   

htped  ta  tsael  1+n . ehT  l tsegno  p hta  ni  eht  esrap  t eer  si  ta  l tsae  ,1+n  os  this ap th mu ts  noc t  nia  
ta  tsael  1+n  errucco n sec  fo  eht  selbairav . By pi elohnoeg  ,elpicnirp  emos  v selbaira  o rucc  rom  e  

naht  ecno  nola g the ap th. gnidaeR  morf  mottob  ot  ,pot  redisnoc  eht  tsrif  p ria  fo  emas  v baira el   
gnola  eht  p .hta  Say X h sa  2 errucco n .sec  aerB k z otni  wvu xy su hc  aht t w si  eht  st gnir   fo  
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slanimret  eg ner deta  ta  the rewol  ucco ecnerr  of X dna  wv x si  eht  gnirts  areneg t de  by pu p  re  
ecnerrucco  X fo .  

 
elpmaxE  esrap  t eer :  

 
roF  eht  evoba  ex elpma  S sah  er p etae d cco u err n ,sec  dna  eht  p esra  tr ee  si  sh nwo  in fi erug  3. w  

= ba  si  eht  gnirts  areneg t de  by ol w re  rucco r ecne  fo  S dna  wv x = baa b si  eht  gnirts  areneg t  de  
yb  reppu  cco u err n ec  of S. oS  ereh  ,aa=u  ,a=v  ,ba=w  x ,b=  bb=y  .  

 
 
 
 
 
 
 
 
 
 
 
 
 

giF u er  :3  raP se eert  rof  a4b4  
htiw  detaeper  o cc u err n sec  fo   S  

eL t T be eht  eertbus  ro deto  ta  pu p re  o cc u err n ec  fo  S na d t be bus tree oor ted at lower  
ecnerrucco  fo  S. ehT se p esra  seert  era  wohs n ni  fi ug re 4. oT  teg  vu 2wx2y � ,L  tuc  tuo  t dna   

ecalper  ti  htiw  oc py of .T  ehT  esrap  eert  rof  vu 2wx2y �L si  nevig  ni  fi erug  5. gnittuC  tuo  t  
dna  gnicalper  ti  htiw  oc py fo  T sa  am ny semit  ot  teg  a dilav  ap rse eert  rof  uviwxiy rof  i � 1  .  

 
 
 
 
 
 
 
 
 
 
 

erugiF  :5  raP s eert e  
erugiF  :6  esraP  eert   rof  

 
 

oT  teg  uwy � ,L  tuc  T tuo  fo  eht  o anigir l eert  dna  per l eca  ti  htiw  t to eg t a p esra  t er e  fo  
vu 0 xw 0y = uwy sa  nwohs  ni  ugif re 6.  

 
gnipmuP  ammeL  :emag   
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1. oT  wohs  taht  a al n egaug  L si  ton  a ,LFC  emussa  noc si L tex  t eerf .  
2. esoohC  na  ”etairporppa“  gnirts   z ni   L  
3. sserpxE  z = wvu xy llof o gniw  selur  of gnipmup  ammel   
4. wohS  taht  vu kwxky si  not ni  ,L  rof  emos  k  
5. ehT  evoba  stcidartnoc  the gnipmuP  mmeL a  
6. ruO  noitpmussa  taht  L si  etnoc xt orw si eerf n  g  

 
:elpmaxE   

wohS  taht  L = {aibici | i }1�  si  ton  CFL  
 

tuloS i  :no  
 

emussA  LFC si L . na esoohC  airporppa t a = z e nbncn wvu = xy. ecniS  wv| x| � wv neht n x ac n  
rehtie  oc stsisn  of  

 
1. llA  s’a  ro s’b lla ro  all c’  s  
2. emoS  s’a  emos dna  ’b s  
3. emoS  s’b  emos dna  ’c s  

 
esaC  :1  wv  x stsisnoc  fo  la  l  s’a  

 
fI  z = a2b2c2 dna  u = ,�  v = ,a  w = ,�  x = a dna  y = b2c2 ,neht  vu 2wx2y liw l eb  a4b2c2�L  

 
esaC  :2  wv  x stsisnoc  fo  emos  s’a  dna  s emo  b’s  

 
fI  z = a2b2c2 dna  u = ,a  v = ,a  w = ,�  x = ,b  y = bc2, neht  vu 2wx2y liw l be a3b3c2 �L  

 
esaC  :3  wv  x stsisnoc  fo  emos  s’b  dna  emos  c’s  

 
fI  z = a2b2c2 dna  u = a2 ,b  v = ,b  w = ,c  x = ,�  y = ,c  neht  vu 2wx2y liw l be a2b3c2 �L  

 
fI  uoy  redisnoc  any of th oba e v 3 e  sesac , vu 2wx2y  ton lliw b  e h a gniva n rebmun lauqe  of a  ,s’  
s’b  dna  c’s. tuB  gnipmuP  meL ma sa sy  vu 2wx2y �L. t’naC  tcidartnoc  the gnipmup  le amm !  
ruO  lanigiro  noitpmussa  tsum  eb  gnorw . oS  L  si n to  noc text- eerf .  

 
 
 

:elpmaxE   
 

wohS  taht  = L  { ww   w| � i }*}1 ,0{  s on FC t  L  
 

tuloS i  :no  

 
 
 
 

tpeD  fo  TIBJS,ESC  egaP  88 



LF AT 5SC01 6  
 
 

emussA  L si  CF .L  It si  tneiciffus  ot  wohs  th ta  =1L  0{ m1n0m1n | n,m  � ,}0  ehw re n is  
gnipmup  ammel  tsnoc a ,tn  is a FC .L  kciP  any z = 0n1n0n1n = wvu x ,y  sitas f iy ng ht e  

snoitidnoc  wv| x| � a n n v d x ��  .  
 

sihT  egaugnal  ew  evorp  by gnikat  eht  esac  fo  i = ,0  ni  eht  gnipmup  ammel  sitas f iy ng  eht  
noitidnoc  vu iwxiy rof  i 0� .  

 
z si  gnivah  a htgnel  fo  4 .n  oS  fi  wv| x| � ,n  neht  u| w |y  � .n3  idroccA ng ot  gnipmup  ,ammel   

ywu  � .L  T neh  uwy lliw  eb  emos  gnirts  ni  eht  mrof  fo  ,tt  erehw  t si  aeper it .gn  fI  ,os  n |t| �  
n3 /2.  

 
esoppuS  xwv  si  nihtiw  tsrif  n ’0 s: tel  v  x stsisnoc  k fo  ’0 s. nehT  uwy b snige  htiw  0n-k1n  

 
 
 
u| w |y  = n4 -k. fI  uwy si  s emo  gnitaeper  gnirts  ,tt  neht  |t| n2= - .2/k  t do se  end in 0 ub t tt  dne s  

htiw  1. a ton si t dnoces oS  iteper it no  fo  fir  ts t.  
 
Ex :elpma  z = 03130313, vx = 02 neht  uwy = tt  = 10 30313, os  tsrif  t = 10 30 dna  es dnoc  t =  
0213. era s’t htoB  on mas t e.  
 

esoppuS  vwx stsisnoc  fo  1 ts  lb co k of s’0  a dn  f tsri  b ol ck of :s’1  vx oc n stsis  fo  no ly ’0 s if  
x= ,�  neht  ywu  si  ton  in eht  mrof  tt . fI  vx sah  ta  l tsae  eno  ,1  th ne  |t| is ta  lea ts  2/n3  dna  fi tsr  t  

a htiw sdne  ,0  ton  a 1.  
 
 
 

eV ry ralimis  ex snoitanalp  dluoc  eb  nevig  rof  eht  sesac  of wv x stsisnoc  of fi sr t kcolb  of ’1 s  
dna  wv x stsisnoc  fo  1 ts  kcolb  fo  s’1  dna  2 dn  kcolb  fo  s’0 . nI  lla  sesac  uwy i  s detcepxe  ot  eb   ni  
eht  mrof  fo  tt . tuB  tsrif  t dna  dnoces  t era  ton  eht  emas  rts i gn . oS  uwy si  ton  ni  L dna  L is on t  

txetnoc  eerf .  
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 :elpmaxE  
 

wohS  taht  0{=L i1j2i3j |  i � ,1  j � }1  is on C t  LF  
 

tuloS i  :no  
 

emussA  L si  LFC . kciP  z = wvu xy = 0n1n2n3n w ereh  wv| x| � n v dna x � �  
. wv  x nac  tsisnoc  fo  a gnirtsbus  fo  one fo  eht  sym slob  ro  selddarts  fo  owt  tnecajda  s obmy ls.  
 

esaC  :1  wv  x stsisnoc  fo  a gnirtsbus  fo  eno  of eht  sym lob s  
 

u nehT w  tnereffid 3 fo n sah y s rewef dna slobmy  fo n naht  4th sym ob l. u nehT w si y  ni ton  L.  
 

esaC  :2  xwv  stsisnoc  fo  2 tnecajda  s slobmy  say 1  & 2  
 

nehT  uwy si  s’2 ro s’1 emos gnissim  u dna w on si y i t n L  .  
fI  ew  redisnoc  any snoitanibmoc  fo  evoba  ,sesac  ew  teg  uw ,y  hcihw  si  ton  LFC . sihT   

 
stcidartnoc  eht  itpmussa on. oS  LFC a ton si L .  

 
3.6 FC fo seitreporP erusolC: L  

ynaM  snoitarepo  no  txetnoC  eerF  segaugnaL  )LFC(  gu nara t ee  ot  ecudorp  LFC . A wef  od  on  t  
ecudorp  LFC . erusolC  eporp tr sei  redisnoc  tarepo i sno  no  LFC  taht  era  gu deetnara  ot  ecudorp   

a .LFC  ehT  s’LFC  era  desolc  rednu  s sbu it tut ion, oinu n, oitanetacnoc n, rusolc e ( rats ),  
ver e lasr , moh o sihprom m na d srevni e moh o om r ihp ms . ’LFC s ra e on t esolc d ednu r  

tcesretni ion tub(  eht  noitcesretni  fo  a C LF  and a raluger  al ngu ega  is wla a sy  a CF  ,)L  
oitatnemelpmoc n, dna  tes - cnereffid e.  

 
I. oitutitsbuS n:  
By noitutitsbus  ,noitarepo  hcae  s lobmy  ni  eht  sgnirts  fo  eno  lan egaug  si  er p decal  by na  eritne   

LFC  egaugnal   
.  

:elpmaxE   
 

)0(S  = a{ nbn| n ,}1�  }bb,aa{=)1(S  si  a noitutitsbus  no  al ebahp t � ,0{=  1}.  
 

:meroehT   
 
fI  a noitutitsbus  s sngissa  a LFC  ot  every s obmy l ni  eht  tebahpla  fo  a LFC  ,L  neht  s( )L  si  a  
FC L.  

 
 

oorP :f   
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teL  G = ,V(  ,�  ,P  )S  eb  rammarg  rof  eht  LFC  .L  teL  Ga = V( a, Ta, Pa, Sa) eb  eht  rammarg   
idnopserroc ng ot  hcae  lanimret  a � � dna  V � Va = �. nehT  G =�  V( ,�  T ,�  P ,�  )S  si   a  

gr ramma  for )L(s  wh re  e  
V� = V � Va  
T =�  noinu  T fo a s’  lla  for a  � � 

 
 
 
 

P stsisnoc �   fo  
 
 

o  
o  
o llA  snoitcudorp  ni  any Pa rof  a � � 
o  
o  
o  

o ehT  snoitcudorp  fo  ,P  htiw  hcae  lanimret  a si  decalper  by Sa eve r erehwy  a  
rucco s.  

 
:elpmaxE   

 
L = 0{ n1n| n � ,}1  detareneg  by the rammarg  S � 1S0  | ,10  (s 0) = a{ nbm | m �  ,}n  

detareneg  yb  eht  rammarg  S � bSa  | ;A  A � Aa  | ,ba  )1(s  = ,ba{  ,}cba  detareneg  by  eht  
gr ramma  S � ,Aba  A � c |  �  
. emaneR  dnoces  dna  driht  s’S  ot  S0 dna  S1, pser e tc i ev ly. eR n ema  dnoces  A ot  B. useR tl ing  
gr sramma  era :  
 

S � 1S0  | 0  1  
S0 � Sa 0b | ;A  A � Aa  | a  b  
S1 � ;Bba  B � c | � 

 
nI  eht  tsrif  rammarg  per l eca  0 by S0 dna  1 by S1. ehT  detluser  rammarg  fa t re  noitutitsbus   :si  

S � S0 SS 1 | S0S1  

S0� Sa 0b |  A ;A Aa�  | ba  S1 ;Bba�  B� c  | � 
 
II. noitacilppA  fo  tsbus itu oit n:  
 
a. erusolC  rednu  oinu n fo  ’LFC s L1 and L2:  
 

esU  ,a{=L  ,}b  L=)a(s 1 dna  L=)b(s 2. nehT  s( =)L  L1 � L2.  
 

woH  t  
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o teg  gr ramma  for L1 � L2 ?  
 

ddA  wen  trats  s lobmy  S dna  selur  S � S1 | S  2  

 
ehT  rammarg  rof  L1 � L2 si  G = ,V(  ,T  ,P  )S  erehw  V = {V1 � V2 � S ,}  S� V( 1  � V  )2  

dna  P = P{ 1 � P2 � S{  � S1 | S2 }}  
 

:elpmaxE   
 
L1 = {anbn | n � ,}0  L2 = b{ nan | n � }0 . riehT  gnidnopserroc  srammarg  era   
 

G1: S1 � Sa 1b | ,�  G2 : S2 � bS2a | � 
 

ehT  rammarg  rof  L1 � L2 i  s  
 

G = ,S{(  S ,1  S2 ,}  ,a{  ,}b  S{  � S1 | S2, S1 � aS1b | ,�  S2 � bS2 ,}a  S).  
 
b. erusolC  rednu  noitanetacnoc  fo  ’LFC s L1 and L2:  
 

teL  ,}ba{=L  L=)a(s 1 dna  L=)b(s 2. nehT  L=)L(s 1L2 

 
rammarg teg ot woH  rof  L L ?  

 
ddA  wen   trats s a lobmy nd elur   S  � S S 

 
ehT  rammarg  rof  L1L2 is G = ,V(  ,T  ,P  )S  ehw er  V = V1 � V2 � {S ,}  S � V1 � V2  

dna  P = P1 � P2 � {  S � S S }  
 

:elpmaxE   
 

1 2 1 2 
 

riehT  gnidnopserroc  srammarg  era   
G1: S1 � Sa 1b | ,�  G2 : S2 � bS2a | � 

 
rammarg ehT  rof  L1L2 i  s  

G = ,S{(  S ,1  S2 ,}  ,a{  ,}b  S{  � S1S2, S1 � aS1b | ,�  S2 � bS2 ,}a  S)  .  

 
c. erusolC  rednu  s’eneelK  rats  erusolc(  * dna  evitisop  solc u er  +) fo  ’LFC s L1:  

teL  L = *}a{  ro(  }a{ = L + s dna ) ( = )a  L1. nehT  )L(s  = L1 )L(s ro( *  = L1
+).  

:elpmaxE   
 
L1 = {anbn | n � }0  L( 1 *)  = a{ }1n{ b }1n{  ...  a{n }k b }kn{  | k � 0 dna  ni � 0 rof  all i} 
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L2 = {a }2n{  | n � ,}1  L( 2 *)  = a*  
 

woH  t  
o teg  gr ramma  for L( 1 *) :  
 

ddA  wen  trats  s lobmy  S dna  selur  S � SS 1 | �  .  
 

ehT  rammarg  rof  (L1 *)  si   
hw ,)S ,P ,T ,V( = G e er  V = V1 {� S ,}  S  � V  ,1  

=P  P1 S{�  � SS 1 | }�  
 
d. erusolC  rednu  omoh m sihpro m fo  LFC  Li rof  yreve  ai��:  
 

esoppuS  L si  a LFC  revo  tebahpla  � dna  h si  a hpromomoh ism no  �. teL  s eb  a noitutitsbus   
taht  secalper  eve ry a � ,�  by (h a .)  ei  )a(s  = .})a(h{  nehT  h(L) = .)L(s  ei   )L(h  

a(h{= 1 …) h a( k) | k � }0  erehw  h a( i) si  momoh a o eve rof msihpr r a y  i  � �.  
 
I II . erusolC  u dn  re  
 
IV.  :lasreveR  
 
L si  a CF ,L  os  LR si  a CF .L  tI  si  one u hg  ot  er v esre  hcae  noitcudorp  fo  a LFC  rof  ,L  ,.e.i   ot  

etutitsbus  hcae  itcudorp on A ��  by A��R.  
 
IV. :noitcesretnI   
 

ehT  s’LFC  era  ton  desolc  rednu  noitcesretni   
 

:elpmaxE   
ehT  al n egaug  L = 0{ n1n2n | n � }1  si  ton  etnoc xt- eerf . tuB  L1 = 0{ n1n2i | n � ,1  i � }1  is a  
LFC  dna  L2 = 0{ i1n2n | n � ,1  i � }1  si  la so a CFL. tuB  L = 1L � L2.  

 
gnidnopserroC  srammarg  rof  L1: S ;BA�  A�0 1A  | ;10  B�2B | 2 dna  idnopserroc n  g  

gr sramma  rof  L2: S ;BA�  A A0�  | ;0  B�1 2B  | 12.  
 

,revewoH  L = L1 � 2L   , suht  noitcesretni  fo  s’LFC  si  ton  CFL  

 
 
 
 
 
 
 
 
 

tpeD  fo  TIBJS,ESC  egaP  93 



LF AT 5SC01 6  
 
 
a. LFC  dna  ralugeR  :egaugnaL   
 

:meroehT  fI  L luger a si R dna LFC si al ra ngu neht ,ega  L �  R i  s a CFL.  
 

FA 

DNA  
 

P AD  
 
 
 
 
 
 
 

catS k 

erugiF  f ADP :1 or  L ∩ R  

 
P = Q( P, ,�  ,�  �P, qP, Z0, FP) eb  ADP  ot  ca cept L by fi an l ts ate. eL t A = (QA, ,�  �A, qA, FA)  

rof  AFD  ot  tpecca  eht  ralugeR  aL n egaug  R. oT  teg  L � ,R  ew  evah  ot  nur  a etiniF  otuA mata  
ni  lellarap  htiw  a hsup  do nw  atamotua  sa  ohs wn ni  ugif re 1. snoC t tcur  PDA P� = ,Q(  ,�  �,  

,�  qo, Z0, )F  wh ere   
• Q = Q( p X QA  )  
• q  o q( = p  , qA)  
• F F( = PX FA  )  
• � si  ni  eht   mrof p ,q(( � ) = )X ,a ,  ,r((  ,)s  )g  hcus  that  

1. = s  �A ,p(  a)  
2. ,r(  ni si )g  �P ,q(  ,a  X)  

 
tahT  si  rof  cae h evom  of ADP  ,P  ew  m eka  the as me vom e ni  P AD  P� dna  also ew  carr  y  
gnola  the etats  of D AF  A ni  a se dnoc  opmoc nent fo  P�. P� stpecca  a ts r gni  w if dna  no ly i  f  

htob  P dna  A ca c tpe  w. ie w si  in L � R. The sevom  q(( p, qA), ,w  )Z  |- P* � ,q((  ,)p  ,�  )�  are  
elbissop  fi  dna  no ly fi  q( p, ,w  )Z  |- P*  ,q(  )�,�  sevom  dna  p = (*� qA, )w  tisnart i sno  are  

ssop i lb e.  
 

LFC  dna  LR  orp p eitre s  :  
 

meroehT : ehT  iwollof ng era  rt ue tuoba  s’LFC  ,L  L1, dna  L2, dna  a gnal raluger u R ega .  
 
1. erusolC  fo  s’LFC  rednu  tes - id f ecneref  htiw  a ger lu ra  al n egaug .  
2.  

 ei  
1. L - R si  a CFL.  
 

:foorP  
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R si  raluger  dna  raluger  l gna u ega  si  desolc  rednu  tnemelpmoc . oS  RC si  osla  raluger . We  
wonk  taht  L - R = L � RC. eW  evah  ydaerla  orp v de  eht  erusolc  fo  noitcesretni  fo  a  LFC  

dna  a uger l egaugnal ra . So LFC  si  desolc  rednu  s te  ereffid n ec  htiw  a R raluge  gnal u ega .  
 
2. LFC  si  ton  desolc  rednu  co noitatnemelpm   
 

LC si  ton  irassecen ly a C LF   
 

:foorP  

 
emussA  taht  LFC s erew  desolc  rednu  oc mplement. ei  if L si  a CFL th ne  LC si  a CFL.  

ecniS  sLFC  era  esolc d u redn  ,noinu  L1
C � L2

C is a CF .L  By uo r ssa u noitpm  (L1
C �  

L2
C)C si  a CFL. tuB  L( 1

C � L2
C)C = L1 � L2, hcihw  ew  tsuj  dewohs  t’nsi  secen s ira ly  

a FC L. cidartnoC ti no ! . oS  ruo  sa sum noitp  si  af l es . LFC  si  on t cl deso  nu der  
tatnemelpmoc ion.  

 
 

sLFC  era  ton  desolc  rednu  tes - ecnereffid .  
 

ie  
L1 - L2 si  ton  irassecen ly a CFL.  

 
:foorP  

 
teL  1L  = *�  - .L  *�  si  raluger  dna  si  osla  LFC . tuB  *�  - L = LC. fI  sLFC  erew  esolc d  

rednu  tes  ,ecnereffid  neht  *�  - L = LC luow d wla a sy  be a CF .L  tuB  s’LFC  era  on t  
desolc  rednu  emelpmoc n noitat . oS  sLFC  are ton  esolc d rednu  tes - id f ef r ne ce.  
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INU T -7 

CUDORTNI T NOI  TO NIRUT G HCAM IN SE   
 

melborp 1.7 s pmoc taht u nac sret n  evlos to  
 

2.7   gnirut ehT m nihca e  
 

 gnirut rof seuqinhcet gnimmargorp3.7 m  senihca  
 

xe 4.7  senihcam gnirut cisab eht ot snoisnet  
 

cam gnirut 5.7 h  sretupmoc dna seni  
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7.1 The Tu ir gn  machine  

eD f :noitini   
A gniruT  enihcaM  )MT(  si  na  ,tcartsba  lacitamehtam  ledom  taht  sebircsed  tahw  nac  na d  

tonnac  eb  detupmoc . A T gniru  enihcaM  stsisnoc  of a epat  of etinifni  length  , no  hw i hc  i tupn   si  
dedivorp  sa  a etinif  ecneuqes  fo  s slobmy . A aeh d sdaer  eht  tupni  t .epa  ehT  gniruT  enihcaM   

strats  ta  trats“  ats te” S0. nO  idaer ng na  tupni  s lobmy  ti  lanoitpo ly per l seca  ti  htiw  ona t  reh  
s ,lobmy  ahc n seg  sti  lanretni  etats  dna  eno sevom  ot llec  eht  ri hg  t or l fe t  .  
 
 

noitatoN  rof  eht  gniruT  caM nih e :  
 

MT  = ,S<  ,T  S0, �, >H  ,erehw   
S si  a tes  fo  TM sta et s  
T  epat fo tes a si sym ob sl   
S0 si  eht  trats  ts  eta  
H � S tlah fo tes a si i gn  s at t  se  

 S : � x  T  S�  x  T x ,L{ R} si  eht  noitisnart  noitcnuf   
{L }R,  si  noitcerid  ni  hcihw  eht  daeh  m evo s  
 
L : tfeL   :R R  thgi  

tupni  slobmys  no  etinifni  htgnel  epat   

 
 

1 0 1 0 1 1 1 1 1 1  0  

 
 daeh  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

tpeD  fo  TIBJS,ESC  egaP  98 



LF AT 5SC01 6  
 
 

ehT  iruT ng enihcam  ledom  sesu  na  etinifni  at pe sa  its nu il im t de  memory. sihT(  si  im natrop t  
esuaceb  ti  spleh  ot  wohs  taht  ereht  era  t sksa  taht  t eseh  ihcam n se  onnac t pe ,mrofr  ev ne  oht u hg   
timilnu de  yromem  dna  detimilnu  emit  si  ).nevig  ehT  tupni  s slobmy  ucco py emos  fo  ht e  

s’epat  ,sllec  dna  rehto  ec l sl  atnoc in knalb  sym ob sl  .  
 

emoS  fo  eht  scitsiretcarahc  fo  a iruT ng enihcam  a er  :  
1. ehT  s slobmy  c na  eb  tob  h daer  epat eht morf  dna  w tir t ne  no  ti .  
2. ehT  MT  daeh  nac  evom  in rehtie  snoitcerid  – tfeL   ro R thgi .  
3. inifni fo si epat ehT te length  
4. ehT  laiceps  ,setats  gnitlaH  setats  dna  itpeccA ng ,setats  ekat  etaidemmi  fe f tce .  

 
devloS  selpmaxe  :  

 
MT  Ex elpma  1:  

 
gniruT  enihcaM  U :1+   

 
neviG  a irts ng fo  1s no  a epat  dewollof(  by na  fni i etin   dda ,)s0 fo rebmun o 1 erom en  a t t  eh  

irts eht fo dne ng.  
 

tupnI  : 00000001111# 0 …… .  
���� � ��  

uptuO  t : ……0000000011111# ….  
 

laitinI ly eht   etats tratS ni si MT S0. sa gnol sa thgir evoM  th tupni e  s lobmy  is 1. a nehW  0  si  
,deretnuocne  per l eca  ti  htiw  1 dna  ah lt.  

:snoitisnarT   
S( 0, )1  S( 0, ,1  R)  
S( 0, )0  ( h , ,1  S OT P)  

 
E MT x elpma  2 :  

 
MT : X-Y  

neviG  owt  anu ry srebmun  x dna  ,y  etupmoc  x| - |y  MT a gnisu . roF  sesoprup  fo  icilpmis t  y w  e  
llahs  eb  gnisu  elpitlum  epat  sym slob .  

 
Ex: 5  )11111( – )111( 3  = 2 11( )  

0000111b11111# … ..  �  
…000___b11___#  

 
)a   fo 1 tsrif eht tuo pmatS x dna  kees  t eh  tsrif  1 fo  .y  

 
S( 0, )1  S( 1, ,_  )R   
S( 0, )b  ,h(  ,b  S OT P)  
S( 1, )1  S( 1, ,1  R)  
S( 1, )b  S( 2, ,b  R)  
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eht ecnO )b  fo 1 tsrif  i y s caer h  ,de ts amp ti  uo t. fI  daetsni  eht  tupni  neht ,sdne   y h dehsinif sa .  
tuB  ni  x, ew  evah  depmats  tuo  eno  ex art  ,1  hw i hc  ew  s uoh ld lper a ec . ,oS   og to s emo  st eta   5s  

hcihw  nac  h eldna  t sih .  
 
S( 2, )1  S( 3, ,_  )L   
S( 2 )_,  S( 2, ,_  R)  
S( 2, )0  S( 5, ,0  )L   

 
)c  etatS  3s  si  nehw  co err s gnidnop  s1  morf  htob   x dna  y ah v neeb e  ts am dep  tuo .  kcab og woN  
 ot x f ot i  dn t eh  en xt 1  ot ts amp. elihW  gnihcraes  rof  eht  en xt 1 morf  x hcaer ew fi ,  t eh  he da   fo  

,epat   neht ts po .  
 
S( 3, )_  S( 3, ,_  )L   
S( 3 )b,  S( 4, ,b  L  )  
S( 4, )1  S( 4, ,1  )L   
S( 4, )_  S( 0, ,_  R)  
S( 4, )#  ,h(  ,#  S OT P)  

 
)d  etatS  5s  si  nehw  y ne d de  elihw  ew  erew  ikool n f g o a r  1 ot  pmats . sihT  snaem  ew   evah  

depmats  tuo  eno  ex art  1 in x. ,oS  og  kcab  ot  x, dna  ecalper  eht  knalb  cha car t re  iw th 1  dna  
pots  ecorp eht ss.  

 
S( 5, )_  S( 5, ,_  )L   
S( 5 )b,  S( 6, ,b  L  )  
S( 6, )1  S( 6, ,1  )L   
S( 6, )_  ,h(  ,1  S OT P)  

 
devloS  selpmaxe  :  

 
MT  Ex elpma  :1  ngiseD  a iruT ng enihcaM  ot  cer o ezing  0n1n2  n  

ex: _222111000#  _ _ ……_ _ .  
 

petS  :1  pmatS  eht  tsrif  0 htiw  ,X  neht  kees  eht  rif st 1 dna  pmats  i  t wi ht  ,Y  dna  neht  kees   eht  
tsrif  2 dna  iw ti pmats th Z dna  th ne  evom  tfel .  

S 0 ,0 S 1,X,R 
S 1,0 S 1 ,0 ,R 
S 1,1 S 2 ,Y,R 
S 2 ,1 S 2 ,1,R 
S 2 ,2 S 3 ,Z, L 

S0 = gnikees ,etatS tratS  ats ,0 ti pm  w ti h  X  
1S  = gnikeeS  ,1  pmats  ti  htiw   Y  
2S  = gnikeeS  ,2  ats mp ti  htiw   Z  
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petS  :2  evoM  tfel  litnu  na  caer si X h ,de  t neh  om ve eno  ts pe  ri thg .  

S 3 ,1 S 3 ,1 ,L 
S 3 Y,  S 3 , ,Y L 
S 3 ,0 S 3 ,0 ,L 
S 3 ,X S 0 ,X,R 

 
 

3S  = gnikeeS  ,X  ot  taeper  eht  ssecorp  .  

 
 
 
 
 

petS  evoM:3  thgir  litnu  eht  dne  fo  eht  tupni  detoned  by b (knal  dehcaer si ) _  p sa is gn  t orh u  hg  
X Y no s Z l t neht ,y h ats gnitpecca e t S e A  si rea hc ed.  
 

S 4 ,Y,R 
S 4 ,Y,R 
S 4 ,Z,R 

TS,  OP 

4S   knalb gnikeeS =  
 

esehT  era  eht  tr snoitisna  taht  tluser  in ah l gnit  ats set .  

S 4 ,1 
S 4 ,2 
S 4 , 

S 0 ,1 
S 0 ,2 
S 1 ,2 
S 2 , 

 
MT  Ex elpma  2 : ngiseD  a iruT ng enihcam  ot  ca ec tp  a P emordnila   

 
ex: 01# _10111  _ _ _ ……_ .  
 
 
 
 
 
 
 
 
 

S A , 

S 0 ,Y 
S 4 ,Y 
S 4 ,Z 
S 4 , 

h,1 TS, OP 
h,2 TS, OP 
h,2 S, TOP 

,h  TS OP , 

S A, TS,  OP 

,h 1 TS, OP 
h,2 TS, OP 

 
 TIBJS,ESC fo tpeD  

 
egaP  101 



    LF AT 5SC01 6  
 
 
 

petS  :1  pmatS  eht  tsrif  carahc t re  )1/0(  htiw  ,_  neht  kees  eht  tsal  ch retcara  by gnivom  t li l a _ is  
dehcaer . fI  the tsal  retcarahc  si  ton  1/0  sa(  uqer i )der  neht  tlah  eht  ssecorp  aidemmi tely.  

 
S 0 ,0 

S 0 ,1 
S 1 , 

S 3,1 
S 2 , 
S 5,0 

 
 
 

petS  :2  fI  eht  l tsa  retcarahc  si  1/0  gnidrocca l ,y  neht  evom  tfel  litnu  a knalb  si  dehcaer  ot  trats   
eht  ssecorp  a niag .  

,L 

S 4 ,1 
S 4 ,0 
S 4 , 

S 5,1 

S 6 ,1 
S 6 ,0 
S 6 , 

 
petS  3 : fI  a knalb  ( _ ) si  caer h de   nehw s ikee n en g x carahc fo riap t t  nehw ro hctam ot sre  

gnikees  a gnihctam  ,retcarahc  neht  gnitpecca  etats  si  caer h de .  

 
S 3 , S A, 

S 5,  S A, 

S 0 ,  S A, 

 
 
 
 
 

h,1 TS, OP 
S 5 , L , 

h,0 TS, OP 

,L 
S 3 , 

,R 

 
,R 

S 1 , 

S2 , 

S 3,0 S 4, 

S 4 ,1 ,L 
S 4 ,0 ,L 

S 0 , 

,R S 0, 

S 6 , L 
, 

S 6 ,1 ,L 
S 6 ,0 ,L 

,R 

,ST OP 

 
,ST OP 

 
,ST OP 
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ehT  euqes n ec  fo  stneve  rof  eht  evoba  nevig  tupni  era  sa  :swollof  
 
s# 0 _10101  _ _  

s_# 2 _1010  _ _  
s0_# 2 _101  _ _  

 
 

. . . .  
s1010_# 5_ _ _  
s010_# 6_ _ _ _  

s_# 6 _1010  _ _  
s_# 0 _1010  _ _  

. . .  .  
_#  _ _ _ s5 _ _ _ _ _  _  

_#  _ _ _ s  A _ _ _ _ _  _  

 
oitaziraludoM n fo  sMT   

 
gningiseD  xelpmoc  MT  s nac  eb  enod  gnisu  dom u ral  rppa o hca . ehT  m nia   eb nac melborp  

dedivid  otni  ecneuqes  fo  m seludo . edisnI  hcae  ,eludom  ereht  dluoc  eb  lareves  etats   
tisnart i no s.  

roF  ex ,elpma  eht  melborp  fo  ingised ng iruT ng m enihca  ot  cer o ing z 0 egaugnal eht e n1n2n  nac  
eb  dedivid  otni  seludom  hcus  sa  0- ,repmats  1- ts a ,repm  0- ees k ,re  1-s ee k re  , 2- kees er dna  2- 

epmats r. ehT  ssa o snoitaic  neewteb  eht  seludom  era  nwohs  ni  eht  wollof i gn  fi ug re:  
 

0- repmatS  1- ekeeS r  

 
1- atS m  rep  

 
2- keeS er  

 
2- atS m  rep  

0- ekeeS r  
L dao  → edoceD  → etucexE  → erotS  
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MT  = ,S( S )d,T,H,0   
,esoppuS  ,}d,c,b,a{=S  ,a=0S  }d,b{=H  1,0{=T  }  

δ : )0,a(  )R,1,b(   , ( )1,a  )R,1,c(  ,  
0,c( ) )R,0,d(  os dna  on  

MT neht  ceps :  
$abcd$a$bd$01$ …R0d0cR1c1aR1b0a ….  

ehw er  $ si  ed l mi ti er  
 

sihT  ceps  ola ng htiw  eht  lautca  tupni  atad  uow ld be eht  tupni  to eht  MTU .  
sihT  nac  eb  dedocne  ni  yranib  by ssa i gning  mun b sre  ot  hcae  fo  eht  char ca t sre  iraeppa ng ni   

ceps MT eht .  
 

ehT  idocne n b nac g e  sa fol wol :s   
$ : 0000  0 : 1010  

: a  1000  1 : 0110   
b : 0100  L : 110  1  

: c  1100  R : 0001   
d : 0010   

oS  eht  MT  ceps  nevig  ni  suoiverp  edils  nac  eb  dedocne  :sa  
0010.0100.0000.1000.0000.0010.1100.0100.1000.0000  ……  

ecneH  MT  sp ce  nac  eb  dedrager  tsuj  sa  a bmun er  .  
 

ecneuqeS  fo  snoitca  ni  TU  :M  
laitinI ly MTU  si  ni  eht  trats  etats  0S .  

 
 daoL  th hcihw tupni e  is T  M ceps  .  
 oG  kcab  dna  dnif  hcihw  t noitisnar  ot  ppa ly  .  
 ekaM  ,segnahc  erehw  yrassecen  .  
 nehT  erots  eht  segnahc  .  
 nehT  er p tae  eht  spets  iw th en xt in up t  .  

 
,ecneH  eht  ecneuqes  seog  hguorht  eht  c :elcy  

 
L oad Decode xE ecute S ot re 

 
3.7 senihcaM gniruT ot snoisnetxE:   

gnivorP  ecnelaviuqE   
roF  any owt  m senihca  M1 morf  ssalc  C1 dna  M2 f or m cl ssa  C2:  

 
M2 si  dias  ot  eb  ta  tsael  as ex sserp i ev  as M1  

fi  M(L 2) = M(L 1) ro  fi  M2 nac  si um l ta e M1.  
 

M1 si  dias  ot  eb  ta  tsael  as ex sserp i ev  as M2  
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fi  M(L 1) = M(L 2) ro  fi  M1 nac  etalumis  M2.  
 
 
 
 

0 1 1 0 1 0 1 0 0 … 
0 0 1 1 1 1 1 1 0 … 

kcarT   1  
 
A etisopmoc  epat  sisnoc ts fo  ynam  rt a kc s hcihw  daer eb nac  ro  wr tti ne  .ylsuoenatlumis  
 
A etisopmoc  epat  MT  (C )MT  sniatnoc  erom  naht  eno  skcart  in i st  epat .  
 
 

ecnelaviuqE  fo  sMTC  a dn  sMT   
 

A MTC  si  pmis ly a TM htiw  a elpmoc  x al tebahp ..   
 

,a{ = T  ,b  ,c   }d  
’T  = ,00{  ,10  01 , 11 }  

 
gniruT  senihcaM  w hti  yatS  pO noit   

 
gniruT  M senihca  htiw  yats  noitpo  sah  a driht  noitpo  rof  evom m ne t fo  eht  T  M  :daeh  
 ro thgir ,tfel ts ay.  

 
MTS  = ,S<  ,T  �, s0, >H   

 
:�  S x T à S x T x ,L{  ,R  S}  

 
ecnelaviuqE  fo  sMTS  a T dn  sM  

 
MTS  = T :M   

J tsu  t’nod  esu   eht  S …noitpo  
 

MT  = TS :M   
 

roF  L dna  R sevom  of a nevig  MTS  dliub  a  MT t roc sevom tah r gnidnopse ly L ro  R… 
 

MT  = TS :M   
 

roF  S sevom  fo  eht  MTS  , od  eht  wollof i gn :  
 ,thgir evoM.1  

evoM.2  kcab  tfel  tuohtiw  ahc n ig ng t eh  t pa  e  
MTS.3 : )a,s(�  | --   )S,b,’s(  
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TM: )a,s(�  | --   )R ,b ,’’s(  
)*,’’s(�  | --  )L,*,’s(   

 
2-w ya  etinifnI  gniruT  caM hine  
 

nI  a 2-way etinifni  MT  ( ,)MT2  eht  epat  si  etinifni  no  ob th si sed .  
erehT  si  imiled taht # on ts t eh  l fe  t dne  fo  eht  at pe  .  
iuqE ecnelav  fo  sMT2  a dn  T sM   

MT2  = :MT   
J tsu  t’nod  esu  eht  trap tfel  fo  t eh  t …epa  

MT  = :MT2   
etalumiS  a 2-way etinifni  epat  no  a eno -way nifni i et  …epat  

 
… -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 …  

 
 
 

0 –1 1 –2 2 –3 3 –4 4 –5 5 … 
 

itluM - epat  gniruT  ihcaM n se   
 

A um itl - epat  MT  )MTM(  sezilitu  am ny at pes.  

 
 
 
 
 
 
 
 
 
 
 

ecnelaviuqE  fo  sMTM  dna  sMT   
 

MTM  =  :MT  
esU  tsrif eht tsuj  t  …epa  

 
MT  = M :MT   

noitcudeR  fo  elpitlum  sepat  ot  a elgnis  t epa .  
 

redisnoC  na  MTM  ivah ng m at p se . A is n elg  epat  MT  taht  tnelaviuqe si  ac n detcurtsnoc eb  b  y  
nicuder g m at p elgnis a ot se  tape.  
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0 1 2 3 4 5 6 7  …  
 

0 1 2 3 4 5 6 7  …  
 

0 1 2 3 4 5 6 7  …  

 
 
 

0A  0B  C0 1A  1B  1C  A2 B2 C2 3A  B3  ..  

 
 

noN - citsinimreted  MT   
 
A non - citsinimreted  MT  )MTN(  si  denifed  :sa   

MTN  = <S, ,T  s0, �, >H   

 
erehw  :�  S x T 2à Sx xT { ,L R} 

 
 

:xE  s( 2 s({ à )a, 3 )L,b,  s( 4 })R,a,  
 
 

ecnelaviuqE  fo  sMTN  a dn  sMT   
A nerrucnoc“ t” weiv  fo  na  :MTN   
 

s( 2 )a,  à s({ 3 b, , )L  s( 4, })R,a   
è ta  s( 2 ,)a,  owt  sMT  era  sp :denwa   

s( 2 )a,  à s( 3 b, )L,   
s( 2 )a,  à s( 4 )R,a,   
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nU it-8: ednU cid ba tili y  
 
 
8.1: A al n ug age ht ta  is on t cer u isr vely enume ar ble  
 
8.2: nA  dnu ice dab el  pr bo lem th ta  is RE  
 
8.3: P so t co err nops den ec  pr bo lem  
 
8.4: Oth re  dnu adice b el  pr bo lem  
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8.1: A language that is not cer ursiv le y ne u rem a lb e  

elbadiceD   
 melborp A  si P lbadiced e fi  ti  nac  eb  devlos  b  a y T la taht T enihcam gniru aw sy  ha tl .  

eW(  yas  th ta  P ah s na  fe f evitce  al rog ti .mh )  
 

etoN  taht  eht  dnopserroc i gn  al ngu ega  fo  a iced dab el  melborp  si  visrucer e  .  
elbadicednU   

 
A si melborp  badicednu el  fi  ti  tonnac  eb  devlos  by an T y u ir n t enihcam g h ta  stlah   no  
la  l stupni  .  

 
etoN  taht  eht  dnopserroc i gn  al ngu ega  fo  na  cednu i elbad  melborp  is non - ucer r vis e.  

stnemelpmoC  fo  evisruceR  aL n egaug s  
eroehT m: fI  L si  a cer u gnal evisr u ,ega  evisrucer osla si L  .  

oorP f: teL  M eb  a MT  for L th ta  wla a sy  tlah . eW  nac  rtsnoc u tc  rehtona  TM M morf   
M rof  L taht  wla a  sy h wollof sa stla s:  
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cA c pe  

jeR ect 
 
 

stnemelpmoC  fo  ER  segaugnaL   
eroehT m: fI  htob  a lan egaug  L dna  sti  tnemelpmoc   L a ,ER er  r si L e isruc ve.  

oorP f: teL  1M  dna  2M  rof MT eb  a L nd ser L p ce t evi ly. eW  nac  tcurtsnoc  a MT   M  
morf  1M  dna  2M  rof  t L h ta  wla a swollof sa tlah sy :  

M  
cA cept  

 
cA cept  

 
 

A noN - evisrucer  ER  L na egaug   
• eW  era  iog ng ot  ig ve na  ex elpma  fo  a ER  gnal u ega  taht  si  ton  ,evisrucer  i.e ,.   a  

gnal u ega  L taht  nac  eb  detpecca  by a MT , tub  ereht  si  rof MT on  wla taht L a sy  ha tl .  
• ,niagA  ew  deen  ot  ekam  esu  fo  eht  anib ry gnidocne  fo  a MT .  
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Ld  
 
 

We liw l won   
kool  ta  an  

exa pm el  ni   
siht  re .noig  

Re uc isr vely  
Enumer lba e )ER(   

N no -recu isr v yle   
E un mer elba  N( on-R )E   

A noN - evisrucer  ER  aL n egaug   
• llaceR  taht  ew  nac  edocne  hcae  MT  euqinu ly sa  a anib ry mun b re  dna  une m etare  lla   

s’MT  sa  ,1T  ,2T  ,…  ,kT  … erehw  eht  ocne d de  av l eu  fo  eht  kth ,MT  ,.e.i  Tk, si  k.  
• redisnoC  eht  al gn u ega   :uL  

uL  = { ,k(  )w  | kT  tpecca s  }w tupni  
dellac si sihT  t eh  revinu s la  egaugnal .  

lasrevinU  egaugnaL   
• etoN  taht  ingised ng a MT  ot  cer o ezing  uL  si  eht  emas  sa  gnivlos  eht  p bor l me  fo  nevig   

k dna  ,w  ediced  rehtehw  kT  pecca ts w sa  its upni t.  
• eW  era  iog ng ot  wohs  taht  uL  si  non tub ER -r ,.e.i ,evisruce  uL   nac b  detpecca e by  a  

,MT  tub  ereht  si  on  MT  rof  uL  th wla ta a tlah sy .  
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Un T lasrevi u ihcaM gnir ne 

• L taht wohs oT u tcurtsnoc ew ,ER si   MT a  
t dellac ,U he enihcam gniruT lasrevinu ,  

 taht hcus Lu  = L .)U(  
• t yaw a hcus ni dengised si U h g ta i ev n k  

 dna w  ti , w itarepo eht cimim lli o fo n  Tk  no  
 tupni w: 

1 1 1 1 1 1 0 
 

k otarapes r w 
U lliw  move b ca k a dn  of rth ot  mi im c Tk on ni p tu  w. 

 
 
 
 
 

 lasrevinU T ru i  gn M hca i en  
 
 

tpeccA  A cc e tp  

 
U 

 
W yh  ca tonn  ew  use a s limi ar met doh  ot  c no s urt ct 
a TM for Ld? 
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evinU r as l egaugnaL  
• L stpecca taht MT a si ereht ecniS u L , u  si  

RE. ohs ot gniog era eW w  taht Lu non si - 
visrucer e. 

• L fI u L rof M MT a si ereht ,evisrucer si u 
wla taht a tlah sy .  a tcurtsnoc nac ew ,nehT  

T  rof ’M M Ld  sa of llows: 
 

k0111111k  
 

M’ 

 
A noN - evisrucer  ER  aL n gaug e  

• ecniS  ew  evah  aerla dy sh nwo  ht ta  dL  si  non - cer u evisr ly ,elbaremune  os  ’M  seod  ton   
ex  dna tsi t ereh  is on  hcus  M.  

• eroferehT  eht  lasrevinu  egaugnal  si  evisrucer ly elbaremune  tub  non - evisrucer .  
gnitlaH  melborP   

redisnoC  eht  gnitlah  orp ble :m   
neviG  ,k( w ,)  d enimrete  fi  kT   no stlah w  .  

I s’t  gnidnopserroc  l egaugna  si  :  
hL   = { )w ,k(   kT | h stla  no  upni  t  }w  

ehT  gnitlah  melborp  si  osla  ,elbadicednu  ,.e.i  hL  i  s non - cer u evisr . oT  wohs  t ,sih   ew   
nac  ekam  esu  fo  eht  lasrevinu  egaugnal  melborp .  
eW  tnaw  ot  wohs  taht  fi  eht  gnitlah  borp l me  nac  be devlos  ,)elbadiced(  t eh  revinu sa  l  

egaugnal  melborp  nac  la so eb  devlos  .  
 oS  ew  lliw  try ot  der u ec  na  ecnatsni  a(  p ralucitra  )melborp  ni  i na ot uL n ts ecna   ni  

hL  ni  hcus  a way taht  fi  ew  wonk  eht  na s rew  rof  t ew ,rettal eh   rewsna eht wonk lliw  
rof  rof eht rem .  

salC s Di ssucs i  no  
redisnoC  a ralucitrap  ecnatsni  k( , )w  ni  ,uL  ,.e.i  ew  tnaw  ot  enimreted  fi  kT  lliw  tpecca   

w. tcurtsnoC  na  ecnatsni  ’k(=I , )’w  ni  hL  f mor  k( , )w  os  taht  fi  ew  wonk  whet reh   ’kT  
lliw  tlah  no  ,’w  lliw ew  wonk  ehw t reh  kT  wi ll  ca c pe  t w.  

H gnitla  elborP m  
 

ferehT o ,er  fi  ew  ah ve a dohtem  ot  evlos  eht  gnitlah  ,melborp  ew  nac  osla  evlos  eht   
lasrevinu  al n egaug  borp l me . ecniS(  rof  any ralucitrap  ecnatsni  I fo  eht  nu i lasrev   

gnal u ega  ,melborp  we nac  tcurtsnoc  na  ecnatsni  of t eh  ah tl gni  ,melborp  sol ev  it  dna  
teg  eht  rewsna  rof  ).I  ,revewoH  ecnis  eht  revinu s la  melborp  si  elbadicednu  , ew  nac   

edulcnoc  taht  eht  h gnitla  melborp  si  osla  dicednu a elb .  

 
tpeD  fo  TIBJS,ESC  egaP  1 31  

M 
A tpecc  eR j tce  

eR j tce  tpeccA  
k poC y 



LF AT 5SC01 6  
 
 

deifidoM  tsoP  ecnednopserroC  P elbor m  
• eW  evah  nees  na  icednu d elba  ,melborp  taht  ,si  nevig  a iruT ng ma hc i en  M a dn   na  

tupni  ,w  enimreted  tehw h re  M lliw  tpecca  w inu( v lasre  al n egaug  )melborp .  
• eW  lliw  uts dy tona h re  un elbadiced  borp l me  taht  si  ton  detaler  to ruT ing ma enihc   

ltcerid y  .  
owt neviG  stsil  A dna  B:  

A ,… ,2w ,1w =  wk B = x ,1  x ,2  ,…  xk  
ehT  melborp  si  ot  reted m eni  fi  ereht  si  a s ecneuqe  fo  eno  ro  om re regetni  s i ,1  i ,2   ,…  

hcus mi  t ah t  :  
miw…2iw1iw1w  = mix…2ix1ix1x   

 
,iw(  x )i  si  dellac  a roc res gnidnop  riap  .  

 
 

elpmaxE  
A B 
wi xi 
11 1 
1 111  

0111 10 
10 0 

oitulos a sah ecnatsni PCPM sihT n  ,3 : 2,  ,2 4: 
w1w3w2w2w4  = x1x3x2x2x4 1 = 101111110 

 
 
8.2: nA  nu de dic able rp o lb em ht at is RE  
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dnU ce di abil ti y of PCP  
oT  show tha M t PCP is und ce idab el  , ew  wi ll   

er duce the uni srev al langua eg  p or b mel  LU( P) to  
MPC :P  

nU i asrev l 
aL n egaug  

borP l )PLU( me  
 

fI  MPCP can be evlos d, U PL  ac n a osl  be evlos d. 
Since ew  ah ev  a erl ady s oh wn th ta  PLU  is nu - 
decidab el , MPCP must a osl  be undecidab .el  

 
 

gnippaM  PLU  ot  PCPM   
• gnippaM  a lasrevinu  egaugnal  melborp  ecnatsni  ot  na  PCPM  ecnatsni  si  ton  sa  ae sy.  
• nI  a U PL  ,ecnatsni  ew  era  ig v ne  a iruT ng enihcam  M  na dna i tupn  ,w  ew  w na  t  ot  

enimreted  fi  M lliw  acce tp  w. oT  pam  a U PL  ecnatsni  ot  na  PCPM  ecnatsni  eccus ss- 
luf l ,y  eht  pam p de  PCPM  ecnatsni  dluohs  evah  a noitulos  fi  dna  no ly fi   M ac tpec  s w  .  

 
 

M ppa i gn  PLU  to M PCP  
PM C i P n ats n ec  

curtsnoC t na  
PCPM  ecnatsni  

 
 
 
 
 

If T ca ec tp s w, ht e two il sts ac n be matched. 
O ht erwise, ht e owt  il sts ac tonn  be matche .d  

 
 

gnippaM  PLU  ot  PCPM   
• eW  emussa  taht  eht  tupni  gniruT  ma enihc  T:  

– reveN  p stnir  a nalb k  
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– reveN  sevom  l tfe  morf  its ini lait  daeh  sop ti noi  .  
• esehT  snoitpmussa  nac  be edam  esuaceb :  

– meroehT  643.p(  ni  eT x :)koobt  evE ry al n egaug  detpecca  by a iw 2M MT l  l  
osla  eb  detpecca  by a MT  1M  htiw  eht  gniwollof  tcirtser i sno : )1(  s’1M  he  da  

reven  sevom  tfel  morf  sti  ni ti lai  noitisop . )2(  knalb a setirw reven 1M .  
gnippaM  PLU  ot  PCPM   

neviG  T dna  ,w  eht  aedi  is ot  pam  eht  snart i it no  noitcnuf  fo  T to st sgnir  in eht  t  ow  
stsil  ni  hcus  a yaw  taht  a gnihctam  fo  the owt  stsil  lliw  dnopserroc  ot  a oc nc aneta it  no  

fo  eht  epat  noc t stne  ta  hcae  it me pets .  
eW  lliw  etartsulli  siht  htiw  na  ex pma le fi tsr .  

 
 

pmaxE le of ot PLU  M PCP  
 

• oC ihcam gniruT gniwollof eht redisn n :e  
T q{( = 0 q , 1 ,} { ,}1,0 {0,1,  ,}# δ  , q0, #, {q1}) 

 
0/0 , L 

0/1 , R 

δ q( 0 1, )=(q0, )R,0  δ q( 0 =)0, (q1, ,0 L) 
• oC n is d pni re u =w t 110. 
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pmaxE le of ot PLU  M PCP  

• oN w ew  a tcurtsnoc lliw n atsni PCPM n  ec  
 dna T morf w.  era erehT evif  ty  fo sep  

irts n i sg n na A tsil d :B  
• ( gnirts gnitratS fi tsr  ap ir :)  

L A tsi  L B tsi  
# q# 0110# 

 
 
 
 
 

pmaxE le of ot PLU  M PCP  

• irtS n art eht morf sg n uf noitis nc it on δ: 
L A tsi  L B tsi  
q01 q0 0 ( rf om δ q( 0, )1 = q( 0,0,R ))  

q0 00 q1 00  ( rf om δ q( 0, )0 = q( 1,0,L)) 

q1 00 q1 01  ( rf om δ q( 0, )0 = q( 1,0,L)) 

 
 
 
 
Ex elpma  fo  U PL  ot  CPM  P  

• sgnirtS  oc rof p gniy :  
tsiL  A tsiL  B  

# #  
0 0  
1 1  

Ex elpma  fo  U PL  ot  CPM  P  
• sgnirtS  rof  imusnoc ng the epat  s slobmy  ta  eht  ne d  :  
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 tsiL A tsiL  B tsiL  A tsiL  B  
q0 1 q1 1q0 1 1q  
q1 1 q1 1q1 0 1q  
1q 0 q1 1q0 0 1q  
1q 1 q1 1q1 0 1q  

 
ssalC  Di ucs s nois   

redisnoC  eht  i tupn  w = 1 10 . tcurtsnoC  eht  gnidnopserroc  PCPM  ecnatsni  I dna  wohs   
taht   w tpecca lliw T by gi ot noitulos a gniv  I.  

 
 

Cl D ssa i ssucs i  no ( noc t )d’  
iL st A iL st B iL st A iL st B 

1. # q# 0 101 # 9. q0 1 q1 

2. q01 q0 0 10. q1 1 q1 

3. q0 00 q100 11. q10 q1 

4. q1 00 q110 12. q11 q1 

5. # # 13. q0 11 q1 

6. 0 0 14. q1 10 q1 

7. 1 1 15. q0 10 q1 

8. q1## # 16. q1 10 q1 

 
gnippaM  PLU  ot  PCPM   

• eW  ezirammus  eht  m ppa i gn  sa  lof l swo . iG v ne  T dna  ,w  ereht  era  if ve types fo  sgnirts   
ni  tsil  A dna  B:  

• gnitratS  gnirts  tsrif(  riap )  :  
tsiL  A tsiL  B  

# 0q# w  #  
erehw   gnitrats eht si 0q state fo  T.  

gnippaM  PLU  ot  PCPM   
• sgnirtS  orf m eht  itisnart on tcnuf i no  δ:  

A tsiL  tsiL   B  
qX Yp morf  δ p(=)X,q( , R,Y )  
Z Xq  pZY morf  δ Y,p(=)X,q( , )L   
q# pY # morf  δ )R,Y,p(=)#,q(   

#qZ  YZp # morf  δ L,Y,p(=)#,q(  )  
erehw  Z si  any epat  sym e lob x knalb eht tpec .  
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gnippaM  PLU  ot  PCPM   
• sgnirtS  oc rof p gniy :  

tsiL  A tsiL  B  
X  X  

erehw  X si  any epat  s lobmy  gnidulcni(  eht  )knalb  .  
gnippaM  PLU  ot  PCPM   

• sgnirtS  rof  imusnoc ng the epat  s slobmy  ta  eht  ne d  :  
 tsiL A Li B ts   

Xq q  
qY q  

qX Y q  
erehw  q si  na  itpecca ng ,etats  dna  hcae  X dna  si Y  an  y t  epa s e lobmy x eht tpec  knalb  .  

gnippaM  PLU  ot  PCPM   
• gnidnE   :gnirts  

tsiL  A tsiL  B  
##q  #  

erehw  q na si  itpecca n ats g te.  
 

• gnisU  siht  ,gnippam  ew  nac  evorp  taht  eht  o igir n la  U PL  ecnatsni  sah  a ulos t noi  if dna   
no ly fi  eht  pam p de  PCPM  ecnatsni  sah  a noitulos . eT( x ,koobt  ,204.p  meroehT  )91.9   

 
 
.8 3 s'tsoP  ednopserroC n ec  elborP m  

( PCP )  
:tupnI  owT  s ,secneuqe  A = ;1w  :  : : kw;   dna  

B = x ;1  :  ; : : x  erehw ,k e hca  iw  dna  x  i si  a rts i  gn  
revo  emos  tebahpla  §.  

:noitseuQ  sI  ereht  a s qe ue ecn  : ;1i  : : i ; m  hcus  
taht  1 · ji  · k rof  1 · j · m dna   
1iw  ¢ ¢ miw¢  = x 1i  ¢ ¢ ¢ xi ?m   

 
 
 

:elpmaxE   
;1 = A  11101  ;  01  

B = 111 ; ;01   0  
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badicednu rehto :4.8 l rp e o  melb  
 
A borp lem P is lbadiced e fi  ti  nac  eb  devlos  by a T gniru  la taht T enihcam w sya  h tla . eW(  say  

taht  P sah  na  fe f evitce  al .mhtirog  )  
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etoN  taht  eht  dnopserroc i gn  al ngu ega  fo  a iced dab el  melborp  si  visrucer e  .  
elbadicednU   

 
A si melborp  badicednu el  fi  ti  tonnac  eb  devlos  by an T y u ir n t enihcam g h ta  stlah   no  
la  l stupni  .  

 
etoN  ht ta  eht  dnopserroc i gn  al ngu ega  fo  na  cednu i elbad  melborp  is non - ucer r vis e.  

stnemelpmoC  fo  evisruceR  aL n egaug s  
eroehT m: fI  L si  a cer u gnal evisr u ,ega  evisrucer osla si L  .  

oorP f: teL  M eb  a MT  for L th ta  wla a sy  tlah . eW  nac  rtsnoc u tc  rehtona  TM M morf   
M f ro  L taht  wla a  sy h swollof sa stla :  

 

M  
nI put  

 
 

stnemelpmoC  fo  ER  segaugnaL   
eroehT m: fI  htob  a lan egaug  L dna  sti  tnemelpmoc   L a ,ER er  r si L e isruc ve.  

oorP f: teL  1M  dna  2M  rof MT eb  a L nd ser L p ce t evi ly. eW  nac  tcurtsnoc  a MT   M  
morf  1M  dna  M2 rof  t L h ta  wla a swollof sa tlah sy :  

 

M 
I pn ut  

M 
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M  cA c pe  

jeR ec 

M  
cA cept  

 
cA cept  

cA cept  
 

cejeR t  
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